
Runge-Kulta Methode

General Principle
&

Calculate (tra, Yn+ from (tn
, ya) using acollection of intermediate points (tric Ym, i)

with u

twi = Anteihn , 19 Samete
for suitable choices CieCo, 1). The slope of
any solution at these points, viz,,

Pai = f(tur, Yn)

provide approximations to the tree slope Zltn)
= f(tn ,Eltni

.

We use a linear combination of the stopes Pr
,
=

as our approximation to the slope at to

-> We think of this as a g-stage (and 1-step !/

process.

Now the details...



Let I be an exact solution to (E) . Then,

Eltni) = z(ta) + Stricflt , Elte) at
tr

changef
Elta) + ha Sof(tu+Uhn , Eltutuhal)do

Naviables

t = +n+ Uhr)
=> dt = hn du

Let's use a "Riemann Sum" to estimate the

integral above.... Ef we choose an arbitrary↑

-
mech for [0, c:] , we'd need to estimates for
Eltn+ uhn) at those grid points , so to keep things
simple , we use the mesh

47 ...<j... 1jai

=>gladAj gls
This gives

us a recipe for Yu given
(tr , ya) and trij (12) :

Yu = Yu haij Prig
12jx



Finally th+

Eltn+ = Eltn) + S flt ,Et
= Elte) + ha Sf (turihn , Eltuzuhad

change ofval

We estimate the integral using "Riemann Sum":

Siglusda big
This gives us

the recipe for Yet :

Yex = yn +he
Thus

, Runge-Kutta method involves a mesh

(vi)
king of eize o of the interval [0, 1],

and (g-1) + 1 Many quadrature schemes.



ALGORITHM (Runge-Kutta Methods) (OIUIN-1)

thi = En + Chr

12i = g E Ync = yuthn & dij Pr , j
ji

Pri = f(t , c , Yni)

tn+ = Enth
Yat = Yet ha be nic

This scheme is represented by the "ButcherTableau" :
-

To 0 ... O Enk.
these could

C as 0 ...
O be taken to

be non-zero
-

i ....
· if we desir

the stage toC Age Ag .... O
be implicit

-

-
-

b
,

b... by



Thus
, for Runge-Kutta method above

Sty, h)= bi f(t +ah , yi)
i = 1

yi = y + h[ajf(t
+(h , yj)

Ijai
For consistency , we would need :

#(t , y , 0) = f (t, y)

=>(j)f(y) = flty
=> bi = 1

We will henceforth assume this

Bnk. Another simplifying assumption usually
Made is that

ei = Saij (In patiala
ji

but this is related not to consistency,
but to higher order conditions . See Later...



EXAMPLES .

(1) & Y = Ye

Pu = f(tu , yn)

This is just the Eulers Yux = Yuthu fitn , yn)
method.

(2) Consider the following 1-parameter family of 2-stage
R-K methods :

⑧ O g

L L O X = (0, 1]
.

1 - 12a

ye+ 1
= yn + hnG(1-Ex/ f(tu , yn)+

fln+ahn , YetAhnfltniyn))3

some special cases.

= : MIDPOINT METHOD

called
L = 1 : Recovers the trapezium C Ateen'smethod)

method of integration.



C =4 : this is called Ralston's method
-

(3) The classical Runge-Kulta method is given
by the following Bultun tableau :

0000 0

22 00 0 (q = 4)

201200
+ 0010

+ 557

In this
,
the methode of integration used are :

glusdu= g(0) (Left rectangle

S glusdu = + g((z) (right rectangle

Sjg(uydu = g(z) (mid point estimate)

finally , Sog(tsde = -glo +=g(t) +=8(z) +5g()
(Simpson approx)



We will admit the following theorem without

Proof :

#HEREM, SupposethatyisLipsct
Elt, y , h) be Runge-Kutta method whose
-

Butche tablear is

00 .... O

G Azi 8 :
: ass aga

O

:: ... Di
C Age Age .... Agg O

by... by by
Then

① ECt, y, h) is Lipschitz in w/

Lipschitz constant

A = R . (bil)(
where < = max(Fil *



CROLLARY . If f is Lipschitz in y , then

Runge-Kutta methods are able ⑮

Oof RK Methods

· Order 31 Ex Consistent
= 2bj = 1 -&
j

· set explore if a 2-stage (g =2) method can

give us an order I method.

By an earlier encrase, we need :

(t , y ,0 =y
(iv addition to $.

The rest of this is an unenlightening
calculations but we do it:

# (t , y , h) = b
,
f(t +4h , y , )

+ by f(t +2h, yz)



w y = y

yz = y + hayf(t + 4h, y)
&

= bft , y + fy,]
↳

+ b2[2fz(t +Ch , yz) + fy(t +2byP]
is

azSitt
,,

(t, y ,0) = (b ,p + be) felt ,y) + byaz , fy(t , y)f(t,y

In order to really get f (t, y1
= (ft + fyf)

let's set Say EC3 .

(compare w Rnd jua

before the examples)
Then

,
we need : bac =%2 Compare to Example 2.

#



method methods
, Multi-step

methods allow for extrapolation techniques.

Here's the Rey idea behind many multi-stip
mettichs :

start as usual with FTC :

Eltur) = Eltr) + Setflt , zlts) de

We do not know Elts on [tr
,
tuti]. But

in a multi-step method
,

we know I on the

chosen Mest in Ctn+-s
, tu] (and hence fit , zst))

The idea is simply to fit a polynomial
our Ctr , fitr , YRD) for n-11& kIn of degre
S-1

We illustrate this for 3-step (5 = 3) method.

(this special method is called Adams-Bashforth
method f



Letus review fittinggradratic polyonas
Its

,

fa)
,

(tz
,
ful
,
Its

,
fs).

1 . Want p(x) = X22 + X, x + do such that

p(ti) = fi

This
gives the system :

)(=
-Solvebyinventingthe transposa

I2 . ( change the "Ansaty"
Want p(x) = &3(x- ty)(e-tu) + 82 (2 - te) (x - ty)

-> &2(x-+z)(x -ts)

such that p(ti) = fi

This

immediatelygetRa



Applying this with to = tn-2 , fr fltn-2, Yn-2)
tz = ta-1

, fr = fltur, yn-1
ty = En , fi : f(tn

, tu),

we propose :

yax = yn+ plas as

Let me carry out the integrals under the
asemption that hi= tr+ -th is independent of
n and equals b say

Ent 1

S (e-tn-2)(-tn- 1) dx = hSn + hu-tn-2)(tuthr-tridn
tr U = x- tr

-

h

=> dx = h . du = h3g
+

(n +2) (u+ 1) du

n +3u+ 2

= h3(5 +z+ 2) = 43(7)

The same change-of-variable tick car be

employed to get the other integrals LEXERCISED



InSummary, this gives :

yn+
= ye+ (5fn -2 - 16fn-20f)

Remarke
-

11) Note that this method is exact if
flt , zits is a polynomial of degen 2.

This suggests (though doesn't prove ! ) that
this method has order I.

(2) Note that Yuyn is linear in Fr

through fu , in general . Thus this method

offers good numerical stability.
TENDY



Exercises -
-

7 Derive the 2-step Adams-Buthforth
method.

2 . Explicate the RK method whose Butchen
Tableau IS "

3. Suppose that Elt, y , h) : (0,2]xRX[0 , 1]-> IR is

Lipschitz
the 1.sinW Lipschitz constant 10 .

Consida

E yYoYo+Untu, yu, hn)th+ 1 = Inthn

Ef this method has order 2
,

how large
can hmax be while still ensuring that yo
agrees

with twe solution up to 1 decimal

place ?


