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Modification Problems
g — Graph class (poly time recognisable)
Imgu%: Gmyk Cr, Nk ke

Can we wake ot most & modificakions
i & s.b resulking grapk s i &7

Modificakion : (1) vertex deletion (2) edqe deletion
(3) edge addition (4) edge contraction



Efdg@. conbrackion

e seb‘fmi.oop
No parallel edges



G — Cownkraction

Input: Graph &, int k

Question: Can we contract abk most k edges in &
s.k. resulting grapk s th &7



Parameterized Complexity and Kihowin Resulks
Cur Resulks
Overview of FPT Algorithm

Open Questions



Poarameter

o Instamnce + relevant seﬁomdarfj meaosure
(Le. parameter)

Ex. For Z-Conkraction Problem
Instance: (&, k)
Parameter:

o Objective : Find an algorithm $(i) t,wi.\j(m)

£() = function depending o—mlj on k
 — collection of parameters



o Fixed Parameter Tractable (FPT): Class of problems
that can be solved in f(k) Potv(m).

n — size of tnpuk
¢ — p&rame&m

o Such algorithm may not exist for every probtem + selected
parameter W[ i ]-Hardness

Redefining FPT * Kernelization



Redefining FPT ° Kernelization

Problem admiks a kernel of size (i) f there
exists an poly-time algorithm that

o QMFU'E (&, &) produces cul quﬁ
=, k') s,

~ (&, k) is a Yes instance if and cwxbj U (&

{ Theorem : Problem is inh FPT 4f ik admils a kernel. Y\

—— —_— - o = ——— [ — —_———— _

Q. If a Prc}btem is i FPT, does it admit a
polynomial kernel?



G — Cowntraction: £p71

Heqqernes + H.L.L.T. (o011): Path | Tree exp( I )

Golovach + K.PT, (R011): min-deq >= 14 exp( k )
Heqgqernes + H.L.P. (R011): Bipartite exp( eva(Lf) )
Grolovach + H.P. (2012): Planar "f (k)
Guillemont & Marx (Ro13): Bipartite exp( k"2 )

Belmonte + GH.P(2013): max-deg <= 2 exp( k log(k) )

Gruo & Cat (201$>2 C{&qua QKP( \e 109 \e )



C — Cownkractiown: Kernel

Heqqernes + H.L.L.P (2011): Path "2
Tree o~ 01.3
min-deq >= 14 ??
Bipartite ??
Planar °7
Belmonte + &G H.P(2013): max-deq <= 2 "R

Guo & Cal (2018): Clilqu@. mowpoij



Y — Contraction: Wlil-Hardwness

Golovach + KPT.(2011): min-deg »= d  W[1] (only k)

Belmonte + & H.P.(2013): maxmcieg <= 4 W[2] (Oﬂlj )

Cai & GualRol13) +
Lokshtanov + M.5.(2013): Chordal W[ 2]

Agrawal + LS.2.(2017): SpLit W[ 1]



Comparing Graph Modification problems,

(1) vertex deletion
(2) edge deletion

(3) edge addition
(4) edge contraction

Edqge Cowntraction Probi.@.ms are harder thawn
corresponding vertex/edge deletion/addition problems,



Edge Contraction problems are harder than
corresponding vertex/edge deletion/addition problems.

Ex. (1) Target Graph Class: {P_at

Ql : Delete vertices in & to get P_4.
(Find induced P_4) Polynomial time

QR : Contract edges in & to et P_4.



Edge Contraction problems are harder than
corresponding vertex/edge deletion/addition problems.

Ex. (2) Target Graph Class: Chordal Graphs
Ql : Add ok most k edqges in & to get a chordal grapkq

(Minimum Fill-In) FPT

QR : Conkract at most k edges in & to get a chordal
grapk‘



Edge Contraction problems are harder than
corresponding vertex/edge deletion/addition problems.

Ex. (3) Target Graph Class: Acyclic Graphs

Ql : Delete ot most k¢ vertices to wakke G aavdia
(Feedback Vertex Set) k"2 kernel

QR : Contract at most k edqges to make & aavdi&



Parameterized Complexity and Kihowin Resulks
Cur Resulks
Overview of FPT Algorithm

Open Questions



(r x 9)Grid

o Grapk ol T * g vertices

- Vertex v := [i, jJ

(4 x 7) - Grid

1<:L<:r;1<:j<:q

Edge (v.1, v.2YiHf i1 -] + |21 - 2] =2



Crrid Cownkrackion

Input : Graph G, integer k

?&T‘Q e & ey e

Question : Does there exist a set F of at most k
edges s.bt. &/F s a grid?



Our Resulks: Grid Cownkraction
(R1) is NP-Hard

- admikt an algo running in time
under ETH

(R2) admits an FPT algo running in time 47{6k! *x K¢

(R3) admils a kernel with 0(l"4) vertices and edqes.



Paramekberized Co»m[ptex&%v and Knhowwn Resulks
OCur Resulks
Overview of FPT Algorithm

Open Questions



Crrid Cownkractkion

Imyu,% : Gr&gk G, inkegers k

Parometer : k

Queskion : Does there exist a sek F of at most Kk
ecig@.s sk, &/F is a grid ?




Rounded Grid Cownkrackion

- Inpub @ Graph &, integers k, v

- Parametber : k + 7

Queskion : Does there exist a sek F of at most Kk
edges sk, G/F is a grid with r rows ?

(&, &) — Yes insk. of Grid Conkr.
Ut (&, I, 1) — Yes inst, of Bounded Grid Contr,
for r in {1, 2, ..., V(&)



FPT Algorithmwms: Two Phases

Phase (I):

Rounded Grid Cownkracktion is FPT
when parame&eri;seci bj ke + 1.

Phase (1I):
(G, &) — Yes insk. of Grid Conkr.
Ut (G, ¢, 1) — Yes nst. of Bounded Grid Comnkr.
for r in {1, 2, ..., 2k + 8}



Edqge contraction :: @'rapk Partitioning

G can be contracted to H :: V(G can be partitioned
into [V(H)] many parts s.t.

a. Each part is connected

b. Each part is ma erc{ to some vertex is H

s.k. V1, V2 deatemf f k1, k2 are adjacent,




If & is k-contractible to a (r x q) grid

Cr1 A 2

Conbraction of &1 and G2 to gqrids affects ohly A
Dynamic Programming



Separaﬁor i G
— connecked

— bounded closed wnbr.
— ‘well par%&%mmed’



SQF&?Q&OT i G / 23 ' ~ AL
— connecked e A MR
—~ bounded closed wnbr.

— ‘well par&%mv\ecﬁ’

Def: [r-slab] An ordered r-partition
<Al, AZ, ... ; Ar> c;wf sek A, such thakt

(L) AL is non-emply and connected
(i) AL, Aj are adjacent ff i - jl = 1

(Lit) B := N(AL) \ A, If Bi, Bj are adj. then |i - j| = 1



Def: [r-slab] An ordered r-partition
<Al;, A2, ... , Ar> owf sek A, such that

(L), (i), and (iLiL)

Def:[1 (o, b) t r-slab] r-slab A s.t.
|A] <= a, [N(A)] = [B] <= b.

Def: [ (Q1, &2, ..., @r) } r=-slab]: r-slab A s.t.
QL conbains i AL,

Def: | (Q1, Q2, ..., @r); (&, b) } r-slab
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‘D@f: (@1, &z, ..., Qr); (o, b) } r-slab

Lemama: The number of these types of r-slabs are at

wmost exp( a +b - |Q]).

— a+b <= k + 3r

— Neq. |Q] term
to qet better
runiing time




Def: [nice -subsets] Connected subsets that are
separated by {(a, b)Y r-slabs.

Lemma: The number of nice-subseks is ak most

@X ;f- a + b )‘. 3




Dynamic frogramming

TG, P(Q)] — Min nr of
edqges to contract G1 into
grid s.tk. vertices in last row

are ‘ad |’ to P(Q).

1 TG, P(Q)] s brue

Cownstruct { (@1, Q», ..., @r); {(a, b) | r-slab
and updﬁ@. TGl + A; P(BY]




Lemama: Nr. 0f entries in the table is exp(i + 1),

Lemma: Time spent ot each entry is exp(k + ).

Theorem: Bounded Grid Cownkrackion is FPT
when Fmram&eri;sed bv ke + T

Corr.: Tailored alqorithm for r = 1 gives algo for
Path Contraction running in time 27 k.

Improvement over 27{k + k/logki.



FPT Algorithmwms: Two Phases

Phase (I):

Rounded Grid Cownkracktion is FPT
when parame&eri;seci bj ke + 1.

Phase (1I):
(G, &) — Yes insk. of Grid Conkr.
Ut (G, ¢, 1) — Yes nst. of Bounded Grid Comnkr.
for r in {1, 2, ..., 2k + 8}



Phase (I11):
If & is k-contractible to (r x 9) grid with r > 2k + §

then there is a (2 x 9) separator S.

Ik is safe to contract all vertical edqes in §



If & is k-contractible to (r x q) 9rid with r > 2k + &
then there is a (2 x 9) separator S.

Ik is safe to contract all vertical edqges in $

&k, r) = (G 'y »71)
Parameber r s reduced.,

Such a separator can be found in poly time,



FPT Algorithmwms: Two Phases

Phase (I):

Rounded Grid Cownkracktion is FPT
when parame&eri;seci bj ke + 1.

Phase (1I):
(G, &) — Yes insk. of Grid Conkr.
Ut (G, ¢, 1) — Yes nst. of Bounded Grid Comnkr.
for r in {1, 2, ..., 2k + 8}



Paramelberized Co»m[ptex&%v and Knhowwn Resulks
Cur Kesulks
Overview of FPT Algorithm

OPQM Questions



Ql. Can we improve running time from 47{6ki to 27k?

1-slab :: connected comp,

Better bounds for (a,b)-connected comp,

Q2. Can we improve kerhel?

keriel — k4
Turing Compressmh — "2



G — Conkraction: Kerinel

| Grrid Conkrackion  ?2?2? J

e 3 RBouhnded

| Bounded Tree/Cactus | path width

Q3. Any graph class G, st G—Contraction admits a
poly kernel and some width parameter is unbounded?
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