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ABSTRACT

While traditional Multi-Agent Path Finding (MAPF) focuses on routing
agents to fixed targets, real-world environments like warehouses and parking
lots often contain movable, unassigned obstacles that significantly complicate
coordination. This thesis explores the computational complexity of GENER-
ALIZED COORDINATED MOTION PLANNING (GCMP) on graphs, which
incorporates these “obstacle robots”, both labeled and unlabeled variants,
under total length and makespan optimization objectives respectively. The
research investigates whether the inherent tractability of unlabeled robot
motion persists when unassigned obstacles are introduced.

For the labeled variant LGCMP-/, the study presents an algorithm with

O(k+m) placing the problem in the complexity class XP

a time complexity of n
when parameterized by the total number of worker robots (k) and obstacle
robots (m). This result establishes that the problem is solvable in polynomial
time for a fixed number of robots. In the unlabeled variant UGCMP-p, the
thesis proves that the problem becomes NP-hard even for a small makespan
of p = 4. This finding demonstrates that robot interchangeability cannot
mitigate the combinatorial complexity introduced by obstacles. Conversely,
the study provides a polynomial-time algorithm for the case of 4 = 1 us-
ing a reduction to the single-commodity maximum flow problem. Finally,
structural analysis of distance optimization on tree graphs with one obstacle
shows that the obstacle’s movement is effected by the balance of sources and

sinks in connected subtrees.
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Chapter 1
Introduction

In multi-robot systems, COORDINATED MOTION PLANNING (CMP) (also
called MULTI-AGENT PATH FINDING (MAPF)) is an important problem
that involves determining feasible and efficient paths for multiple distinct
robots operating in a shared environment. The aim is to move a set of
robots from their initial positions to target positions while avoiding collisions
and minimizing the total length traversed or the time taken. A well-studied
problem in the fields of theory of computation, computational geometry,
robotics, and artificial intelligence, its applications range from directing the
motion of autonomous robots on networks of narrow tracks to digital games
and puzzles.

In continuous, real-world environments, this problem is known to be
PSPACE-hard [1]. As a result, it is interesting to look at the case where the
environment is abstracted to a discrete graph setting, in which the problem
remains NP-hard [2, 3, 4]. In this thesis, we study GENERALIZED COORDI-
NATED MOTION PLANNING (GCMP) on graphs, which incorporates addi-
tional obstacle robots with no target vertices into the CMP formulation. We
explore GCMP under both the classical setting with distinct robots and a

variant where the robots are indistinguishable.



1.1 Background and Motivation

When problems are abstracted to graphs, the geometry in real-world in-
stances is replaced by vertices and their adjacencies. In CMP, a robot can
move from one vertex to another if the two are connected by an edge, and the
weight of the edge denotes the cost of this movement. This helps us study
the hardness of the problem purely due to combinatorial factors. The re-
sults remain directly applicable to uniform geometric settings with identical
robots.

CMP is a generalization of the famous n?—1 PUZZLE, where n?—1 distinct
robots are placed on the nodes of an n x n grid graph and the goal is to find a
schedule that takes the robots to their desired final positions and minimizes
the total length traversed by the robots. This problem is NP-complete [5].
An early generalization of n? — 1 PUZZLE called COORDINATED PEBBLE
MoTIONS ON SIMPLE GRAPHS considers distinct pebbles on a general graph
where pebbles can be moved one at a time, and the goal is to find a solution
if feasible, that may or may not be optimal. This problem is solvable in
polynomial time and the total number of moves needed is tightly bounded
by x(|V']?), where V is the set of vertices in the input graph [6]. Moreover,
testing whether a given instance is feasible can be done in linear time [7].
However, when the goal shifts to optimization, generalizing the n?—1 PUZZLE
to finding optimal routing sequences on arbitrary graphs with any number
of robots is known to be NP-hard [2].

With advances in multi-robot systems, where robots can communicate
and coordinate, attention shifted to variants in which multiple robots are
allowed to move in the same time step as long as collisions are avoided. The
CMP framework explicitly incorporates such coordinated motions. The al-
gorithms dealing with feasibility of the problem were generalized to CMP [8§].
When it comes to optimization, finding solutions minimizing either makespan
or total length traversed in CMP is NP-hard [3, 4].

Real-world environments like warehouses and parking lots often contain
movable, unassigned obstacles. Problems involving such obstacle robots

along with the robots with assigned targets has been studied previously



[9, 10, 11]. GCMP incorporates these obstacle robots. Since CMP is simply
a case of GCMP where the number of obstacle robots is set to zero and is
known to be NP-hard, it immediately follows that finding optimal routing
schedules in GCMP is NP-hard.

Given this computational intractability, it is important to look at the
problem with additional nuance. Since exact polynomial-time algorithms
for optimal routing are highly unlikely to exist, the problem must be ap-
proached through alternative algorithmic paradigms. In practical applica-
tions, researchers rely on heuristics and approximation algorithms to find
sufficiently good, collision-free paths quickly. Another way to approach these
intractable problems is through the lens of parameterized complexity. By an-
alyzing the problem against specific parameters such as the number of agents,
the underlying graph structure etc., we can isolate the sources of computa-
tional hardness and identify conditions under which the problem becomes
tractable.

Parallel to the development of routing distinct agents, significant atten-
tion has been given to the unlabeled setting, where the robots are indistin-
guishable and the goal is to ensure that every target destination is eventually
occupied by some robot. This variant is highly tractable and optimizing for
either total length or makespan can be solved efficiently in polynomial time
[12].

In existing formulations with obstacle robots, either the number of target-
assigned robot is one [9], or the robots with assigned targets are distinct and
labeled. It is compelling to see whether adding obstacles to the polynomial-
time solvable CMP with unlabeled robots makes the problem hard.

1.2 Problem Variants

In this section, we briefly outline the various problem variants and their
nomenclature used throughout this thesis. A formal definition will be estab-
lished in chapter 2.

The elementary problem of interest is CMP, which operates on a general

graph where the total number of robots is strictly equal to the number of



target vertices. Every robot stars from an unique source vertexr and must
eventually occupy a target vertex. Such robots are called worker robots. The
robot movements are discrete in the sense at any given time step, they can
either stay on their current vertex, or move to an adjacent vertex that is free
at the end of that time step, through the edge that connects the start and
end vertex. The robots must move in a way that will avoid collision, thus
they cannot occupy the same vertex or edge at the same time.

We extend this setting by studying GENERALIZED COORDINATED MO-
TION PLANNING (GCMP), which introduces movable robots with no as-
signed target vertex. We call them obstacle robots. In GCMP, the total
number of robots exceeds the number of target vertices. The only require-
ment for an obstacle robot is to move out of the way to clear paths for the
worker robots, ultimately resting on any unoccupied vertex once the routing
is complete. An illustrative example of a GCMP instance, highlighting the

worker robots, obstacle robots, and target vertices, is shown in Figure 1.1.

Legend

B Worker Robot
[ Obstacle Robot
Target Vertex

Figure 1.1: An example of a GCMP instance on a 7-vertex graph with two
worker robots (1, 3), one obstacle robot (r3), and two target vertices (v, v7).
In UGCMP, the worker robots may occupy either of the two target vertices.
In LGCMP, each worker robot must be routed to a specific, pre-assigned
target.

Within the GCMP framework, we differentiate the problem based on the
distinguishability of the target-assigned robots:

e Labeled GCMP (LGCMP): The classical setting where the target-

assigned robots are distinct. Each worker robot has a specific, unique

4



Type of Optimization
worker robots goal

iy 1 s 1
) ) Time TN
Unlabeled Labeled (Makespan) Total Distance

Figure 1.2: Classification of the GCMP problem based on the type of worker
robots and the optimization goal.

target vertex that it must reach.

e Unlabeled GCMP (UGCMP): A setting where the worker robots
are indistinguishable from one another. Any worker robot can occupy

any of the available target vertices, provided that all targets are even-
tually filled.

The aim of these problems is not only to route these robots such that
worker robots eventually occupy target vertices, but also to optimize their
movements. We analyze the computational complexity of these variants un-

der two primary optimization objectives:

e Distance Optimization (Total length): The goal is to minimize the
total length traversed, defined as the sum of all individual edge traver-
sals made by all robots (both target-assigned and obstacles) throughout
the entire schedule. In physical systems, this directly correlates to the

total energy spent.

e Time Optimization (Makespan): The goal is to minimize the total
time taken for the worker robots to reach targets. Since multiple robots
are permitted to move simultaneously during a single time step, the
makespan represents the total number of parallel steps required until

all target vertices are occupied.

A summary of this classification is shown in Figure 1.2. In this thesis,

we study two variants, LABELED GCMP wITH LENGTH MINIMIZATION



(LGCMP-/) and UNLABELED GCMP wITH MAKESPAN MINIMIZATION
(UGCMP-pu). Additionally, make some observations on TREE-UGCMP-/
WITH ONE OBSTACLE ROBOT problem.

1.3 Related Work

In recent years, multiple studies have looked into the parameterized com-
plexity of robot motion planning [10, 13, 14]. Eiben et al. [13] study the
parameterized complexity of Labeled CMP on grid graphs, optimizing ei-
ther the makespan p or total length traversed ¢. They establish that Labeled
CMP on grids is Fixed-Parameter Tractable (FPT) when parameterized by
the number of robots k for both optimization goals. However, when param-
eterized by the optimization variable, the total-length optimization variant

is FPT, whereas the makespan optimization variant is not.

LGCMP-/

|
{ Parameterized by: :

tw + k + m 4
[~ FPT ~ W(i]-hard
LCMP-¢ LCMP-¢ 3 Parameterized by: 3
(Grids) (General Graphs)| 'y y W beeeeepeoooos
( tw k+m | Is XP? i[ If Input G have l
L Unknown Unknown ' Unknown i|  bounded tw : m+1

! Parameterized | TParameterized . | | o ‘ FPT FPT

L b
oot
i M X ( i W(1]-hard Unknown

k /
{ FPT { FPT JL Unknown } L W(1]-hard }
Legend
k Number of worker robots
m Number of obstacle robots
2 Optimization variable : Total distance
tw Treewidth of the input graph

LGCMP-¢ LABELED GCMP WITH LENGTH OPTIMIZATION
LCMP-/ LABELED CMP WITH LENGTH OPTIMIZATION, (m = 0)
GCMP1-¢ GCMP or ONE ROBOT WITH LENGTH OPTIMIZATION , (k = 1)

Figure 1.3: Complexity relationships of LABELED GCMP wWITH LENGTH
MINIMIZATION (LGCMP-/¢) and its subproblems.

In subsequent work, these results are extended to LGCMP, where the

input graph is not restricted to grids, obstacle robots are introduced, and



the aim is to minimize total length traversed [10]. They design an FPT
approximation algorithm for LGCMP with an additive error of O((k+m)®),
where k is the number of worker robots and m is the number of obstacle
robots. They further establish that a variant with a single worker robot
is FPT parameterized by the total number of robots m + 1. This result
expanded the existing knowledge on the problem which was known to be
NP-complete when parallel movements are not allowed [9]. They also found
that LGCMP is FPT parameterized by k + m + tw, where tw denotes the
treewidth of the input graph. However, they find that LGCMP is W[1]-hard
when parameterized by ¢. Thus, the results established on solid grids do not
generalize to general graphs. For a finer analysis, they show that Labeled
CMP is FPT parameterized by ¢ on graphs with bounded local treewidth,
increasing the range of input graphs for which the tractability results apply.

Figure 1.3 summarizes relevant results related to length optimization of
CMP and shows the open questions in parameterized complexity of length
optimization of GCMP and its subproblems. Notice that while LGCMP-/is
FPT parameterized by number of robots and treewidth, it is w[1]-hard when
parameterized by the number of worker robots alone. The parameterized
complexity of LGCMP-/¢ parameterized by the total number of robots k+m
is an interesting problem that remains open. In this thesis, we aim to make
progress in regards to this parameter.

On the Unlabeled front, Yu and LaValle demonstrated that when worker
robot labels are dropped, the problem drastically simplifies [12]. By reducing
the routing problem to a maximum network flow problem on a time-expanded
graph, they proved that unlabeled CMP can be solved optimally in poly-
nomial time for both makespan (1) and total length (¢) objectives. Thus,
while routing distinct robots is NP-hard, routing indistinguishable and inter-
changeable robots is highly tractable.

To close the gap between the highly tractable unlabeled variant and the
intractable labeled variant of CMP, COLORED MAPF problems in which
worker robots are separated into teams were studied. Each team of robots are
assigned to a set of target vertices equal to the number of robots in the team,

and any robot in the team can occupy any of these target vertices. The target



vertex set for a team is disjoint from the target vertex set of another team. In
contrast to the single team case , the problem becomes fundamentally harder
as more teams are introduced. Yu and LaValle established that finding a
time-optimal schedule remains NP-hard even when there are only two distinct
groups of interchangeable robots [4].

Most of the research in the unlabeled or colored cases focuses on CMP.
Not much is known about changes the addition of obstacle robots can cause to
these bounds. It is an open question whether the polynomial-time guarantees
of Yu and LaValle for length or makespan optimization hold when obstacle
robots are introduced. We addresses this gap by looking into the tractability
of UGCMP-p.

1.4 Contributions

In this thesis, we study the computational complexity of GCMP focusing on
the impact of obstacle robots for different optimization parameters. We prove
that LGCMP-/ belongs to the complexity class XP when parameterized by
the total number of robots k& + m (Theorem 3.1). We establish UGCMP-
i is NP-hard for a makespan of ;1 = 4 (Theorem 4.1) and average arrival
time 7,, = 4 (Corollary 4.1.1), but remains solvable in polynomial time for
p = 1 (Theorem 4.2). This shows that introducing obstacle robots makes
the unlabeled variant strictly harder for the makespan objective. We also
provide a preliminary case analysis for length minimization on tree graphs

with a single obstacle robot.



Chapter 2
Preliminaries

In this chapter, we establish the formal notations and theoretical frameworks
that lay the foundation for the remainder of this thesis. We begin by defin-
ing basic notations related to graphs that will be used throughout the thesis
and briefly introduce standard graph algorithms for finding shortest path
on a weighted graph and maximum flow on a network. Then we outline
the concepts of classical computational complexity and parameterized com-
plexity, followed by defining polynomial time reductions and parameterized
reductions as techniques to transfer hardness between problems. Finally, we
establish the formal problem definitions for the variants of GCMP we discuss

in this thesis.

2.1 Graph Theory Preliminaries

2.1.1 Basic Notations

A standard graph is denoted as G = (V, E), where V represents a finite
set of vertices and £ C V x V represents the set of edges connecting these
vertices. Throughout this thesis, when a graph is provided as part of a
problem instance, we will refer to it simply as G, and V' and F will be used
to denote its vertex and edge sets, respectively. We denote the total number
of vertices |V| as n. To prevent any notational ambiguity with the variable

m, which is strictly reserved in this work to denote the number of obstacle



robots, the total number of edges will be denoted as |E|. We say a graph is
simple if it does not have any parallel edges or loops.

The set of all neighbors of a vertex v is denoted by N(v). In weighted
graphs, a weight function w : £ — RT assigns a numerical value to each
edge. We use dist(,.) to denote the length of the shortest path between u

and v.

2.1.2 Shortest Path and Dijkstra’s Algorithm

In the shortest path problem, the aim is to find a path between two vertices
in a graph such that the sum of the weights of the edges is minimized. For
graphs with non-negative edge weights, Dijkstra’s algorithm is an efficient
method for solving the shortest path problem [15]. The graph is traversed
while maintaining a priority queue of vertices keyed by their tentative dis-
tance from the source, iteratively recalculating these values during traversal
to find the optimal path. Using binary heaps to implement priority key, the
time complexity of Dijkstra’s algorithm is O((|V| + |E|)log|V]).

2.1.3 Maximum Flow and Edmonds-Karp Algorithm

A flow network is a directed graph H = (V| E, ¢, s,t) where each edge (u,v) €
F has a non-negative capacity c(u,v), s € V is the source vertex, and t € V
is the sink vertex. The single commodity maximum flow problem is to route
as much flow as possible from s to ¢t without exceeding the capacity of any
edge, subject to flow conservation at all intermediate nodes.

The Edmonds-Karp algorithm is an implementation of the Ford-Fulkerson
algorithm for computing the maximum flow [15]. It computes paths from s
to t with available capacity called 'augmenting paths’ using Breadth-First
Search (BFS). The Edmonds-Karp algorithm runs in O(|V||E[?).

2.1.4 Arena graphs

An arena graph A (also referred to as a game graph or state-space graph)

is a graph where each node represents a complete, valid state of the system.

10



An edge exists between vertices uy and vy if and only if the system can
transition from the states represented by these vertices via a single, valid
event. To analyze complex systems like GCMP it is usually beneficial to
model the configurations of the entire system and transitions between them in
discrete time steps, rather than tracking individual robots within the problem
environment.

We define an arena graph as a tuple A = (V4, E4,S4,T4), where:

e U/, is the finite set of vertices, where each vertex represents a unique,

valid configuration of the system.

o F4 C V4 x Vyis the set of edges. An edge exists between two con-
figurations if and only if the system can legally transition from one
configuration to the other via a single discrete event. If all transitions

are reversible, all the edges remain undirected.

e S, C Vy is a non-empty subset representing the valid initial configu-

rations of the system.

e 74 C V4 is a non-empty subset representing the final configurations

that satisfy the problem’s objective.

2.2 Computational Complexity

In complexity analysis, we evaluate the efficiency of algorithms in terms of
time (and space) requirements. The complexity is represented as a function
of input size of the problem. This helps us compare performance of different
algorithms irrespective of the platform used to run it, and understand the
scalability of an algorithm. We say an algorithm is efficient if it runs in
polynomial time. We refer to [16] for information on classical complexity
and relevant examples on graphs.

A decision problem is a computational problem where the answer to any
given instance is either 'yes’ or 'no’. An optimization problem is a problem
where the expected output is a value denoting the best solution out of all the

feasible solutions. We formulate problems as decision problems involving the
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parameter to be optimized because they allow for a mathematically precise
definition of efficiency and complexity classes, while remaining just about as

hard to solve as their optimization counterparts.

2.2.1 The class P

The complexity class P consists of all decision problems that can be solved
in polynomial time on a deterministic Turing machine. That is, a problem is
in P if there exist an algorithm that runs in O(n¢) time, where n is the input

size and c is a constant.

2.2.2 The class NP

The class NP consists of all decision problems that, given a certificate, can be
verified in polynomial time by an efficient certifier. An efficient certifier is
an algorithm that takes two input strings; the input instance of the problem,
and a certificate, and verifies in polynomial time that the certificate is a valid

proof that the given instance is a ’yes’ instance. Clearly, PC NP.

2.2.3 NP-hard and NP-complete problems

A problem B is NP-hard if every problem A in NP can be reduced to it in
polynomial time. That is, there exists a polynomial time algorithm that,
given an instance of A, outputs an instance of B, such that the instance of
A is a yes-instance if and only if the instance of B is a yes-instance.

A problem is NP-complete if it is both NP-hard and in NP. NP-complete
problems are the hardest problems in NP. The existence of an efficient al-
gorithm for an NP-complete problem would imply existence of efficient algo-
rithms for all problems in NP, proving P=NP. However, no polynomial-time
algorithm is known for any NP-complete problem, and it is widely believed
that such algorithms do not exist. Thus, it is conjectured that P#NP. As a
result, discovering that a problem is NP-hard or NP-complete provides strong

evidence that no efficient algorithm exists for solving it.
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2.3 Polynomial-Time Reductions

Polynomial time reductions are a tool used to compare relative hardness of
two problems and is used to prove that a problem is NP-hard. If there exist
a polynomial time reduction from A to B, denoted by A <, B, then B is at
least as hard as A. Then, if A is NP-hard, B is also NP-hard.

Definition 2.1. Polynomial-time reduction. Let A, B C Y* be two
problems. A polynomial-time reduction from A to B is a function f : ¥* — ¥*

that, given an instance A(z) outputs an instance B(z') such that:
1. A(x) is a yes-instance if and only if B(2') is a yes-instance, and
2. the time to compute f is a polynomial function of |z|.

If such a reduction exists, we write A <, B.

2.4 Parameterized Complexity

Classical complexity theory often categorizes NP-hard problems as univer-
sally intractable. Parameterized complexity provides a finer framework where
the time complexity of a problem is analyzed based on the input size n and
an additional parameter k, often representing a structural aspect of the in-
stance or a measure of size of the output. We refer to [17] for details on

parameterized complexity.

Definition 2.2. Parameterized problem. A parameterized problem II is
a subset of X* x N, where X is a fixed finite alphabet. An instance of II is
denoted as a pair (z, k), where = € 3* represents the classical problem input

and k € N is an integer referred to as the parameter.

2.4.1 Fixed Parameter Tractable (FPT) Problems

A parameterized problem II is said to be fixed parameter tractable if there
exists an algorithm that can solve any instance Il(x, k) in time f(k).O(n°),

where n = |z|, f is a computable function, and ¢ is a constant not dependent
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on n or k. Class FPT is the class of all such problems. The combinatorial
explosion is restricted to the parameter k, leaving the polynomial dependence

on the input size n completely independent of k.

2.4.2 Slice-wise Polynomial (XP) Problems

A parameterized problem II is said to be slice-wise polynomial (XP) if
there exists an algorithm that can solve any instance II(z, k) in time f(k) -
n9*) where n = ||, and f and g are computable functions that depends only
on k. Class XP is the class of all such problems. Unlike FPT, the parameter k
appears in the exponent of the polynomial. While the problem is polynomial-
time solvable for any fixed constant k the degree of the polynomial grows as

k increases, making it less tractable than FPT problems.

2.4.3 W-Heirarchy and W/[1]-Hardness

The W-hierarchy classifies parameterized problems into a hierarchy of the
following form:

FPT C W[1] CW[2] C --- C W]

where £ > 1 is an integer.

A parameterized problem is considered W][t]-hard if every problem in the
class W[t] can be reduced to it using a parameterized reduction. Assuming
the standard conjecture that FPT # W[1], proving a problem is W[1]-hard
provides strong mathematical evidence that the problem does not admit a
fixed-parameter tractable algorithm. As the index ¢ increases, proving W/[t]-

hardness establishes a stronger degree of fixed-parameter intractability.

2.5 Parameterized Reductions

A parameterized reduction is a technique analogous to polynomial-time re-
duction, that is used to compare relative hardness of parameterized problems.
If there exist a parameterized reduction from Ay to By where A and By

are two parameterized problems parameterized by k and k' respectively, and
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Ap is not FPT when parameterized by k, then it proves that By is unlikely
to be FPT when parameterized by k’.

Definition 2.3. Parameterized Reduction. Let Ap, Bg C ¥* X N be
two parameterized problems. A parameterized reduction from Ap to By is a

function
f:Y xN—Y xN,

mapping an instance (z, k) of Ay to an instance (2, k') of By, such that:

1. (z,k) is a yes-instance of Ay if and only if (2/, k') is a yes-instance of

BH7

2. f can be computed in time f(k) - |2|°)) for some computable function
f, and

3. the new parameter k' < g(k) for some computable function g depending

only on k.

If such a reduction exists, we write Ag <ppt Br.

2.6 Formal Problem Definitions

All problems considered in this thesis are defined on finite, simple, undirected
graphs with unit length edges. We consider k£ worker robots, denoted as
ri,...,T s, and m obstacle robots, denoted as o1, ..., o0p,.

A configuration at time step t is defined as an injective mapping C} that
assigns each of the £+ m robots to a distinct vertex in V. The robots move
in discrete time steps at unit speed. Between time ¢ and ¢ + 1, any given
robot 7; may either remain stationary (Cyiq(r;) = Cy(r;)) or traverse an edge
((Ce(ri), Crya(ri)) € E).

A sequence of configurations (Cy, Ch,...,C,) is a collision-free schedule

if it strictly adheres to the following constraints for all £ > 0:

e No Vertex Collisions: For any two distinct robots r; and o, Cy(r1) #

Ci(r). Since this constraint is evaluated at the end of each discrete
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time step, a robot r; is permitted to transition to a vertex currently
occupied by another robot r, at time ¢, provided that robot ry vacates
that vertex during the same time step and no other robot other than

r1 moves there.

e No Edge Collisions: For any two distinct robots r and rq, if Cy(x) =
u and Cyp1(r1) = v, then it cannot be true that Cy(ry) = v and
Cii1(r2) = w. That is, no two robots may travel across the same

edge in opposite directions between two time steps.

In addition to these constraints, both problem variants have the following
final configuration requirements subject to which the schedule becomes a

valid collision-free schedule:

e Obstacle robots: In both variants, they originate from initial posi-
tions () and are permitted to occupy any of the vertices that are not

worker robot targets in the final configuration C,,.
e Worker robots:

— For the Labeled variant, each worker robot r; has a unique iden-
tity. They start at a; and should occupy a specific target vertex b;
at t > p. Thus, the final configuration must meet the condition:
Cy(r;) = b; for all ¢ € [k].

— For the Unlabeled variant, the worker robots are interchange-
able. They start from a set of starting vertices S and must to-

gether occupy a set of target vertices T'. The schedule must satisfy
the terminal condition {C,(r;) | i € [k]} =T.

To evaluate the efficiency of such schedules, we define two primary opti-

mization parameters:

e Total Length (¢): The cumulative number of edge traversals across

the entire schedule.

(=Y Kz e{r, ..ro1....0on}| Ci(z) # Crpa(x)}]
t=0
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e Makespan (x): The total time required for the system to reach its
final configuration. For each worker robot r;, let 7; > 0 be the smallest
7 such that r; reaches its final target vertex and remains there for all
subsequent time steps. The makespan is defined as the largest of these

these values, p = max<;< 7.

In addition to makespan, another well studied goal in time optimization
is to minimize the average of minimum arrival time 7 of k robots. We

call this objective the average arrival time 7.

Using the introduced terminology, we formalize LGCMP-¢ and UGCMP-

1 as follows:

LABELED GCMP wiTH LENGTH MINIMIZATION (LGCMP-/)

Input: G, aset P = {(a;,b;) | i € [k]} denoting the start and target vertices
of k worker robots, a set {2 C V representing start vertices of m obstacle
robots, integer /.

Question: Does there exist a collision-free schedule such that each worker

robot r; moves from a; to b;, and the total length is at most £7

UNLABELED GCMP wiTH MAKESPAN MINIMIZATION (UGCMP-p)
Input: G, sets S C V and T' C V denoting start and target vertices of k
unlabeled worker robots, a set {2 C V' denoting initial positions of m obstacle
robots, and a positive integer pu.

Question: Does there exist a collision-free schedule that moves all worker

robots from S to 7' such that the makespan is at most pu?
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Chapter 3

Labeled GCMP with Length

Minimization

In this chapter, we look into the computational complexity of the LGCMP
problem with respect to the total length minimization objective. Specifically,
we study the role of the parameter 'total number of robots’ in the complexity

of the problem.

3.1 Our Results

We establish that the problem is solvable in polynomial time when the total
number of robots k + m is a constant (see Theorem 3.1). This result implies
that LGCMP-/ belongs to class XP when parameterized by the total number

of robots.

3.2 Solving LGCMP-/ using Arena Graphs

In this section we map an algorithm to solve LGCMP-/ by constructing an
arena graph A. Then the input instance (G, P, (2, ) is reduced to a shortest
path problem on A. A summary of the algorithm is given in Table 3.1. We

show the complexity bounds of this approach is n®"+m),
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Theorem 3.1. Given an instance (G, P,Q, () of LGCMP-/, there exist an

algorithm that gives an optimal solution in n

Olk+m) time.

Proof. We prove the theorem by constructing an arena graph A, and proving

that the input LGCMP-/ instance reduces to a single-source shortest path

problem on A.

Construction of A. Given an instance (G, P, Q, () of LGCMP-/¢, we con-
struct A = (Va, E4, S, T4) as follows:

V4 consists of all feasible configurations. For a vertex v € Vjy, we
represent the corresponding configuration of the LGCMP-/ instance
as C, .

E 4 contains an edge (u, v) if there exists a collision-free schedule of one
time step (Cy, C,).

Each edge (u,v) is assigned a weight w(u,v) € {0,1,...,k + m}, rep-
resenting the total number of robots that change their vertex position

between C, and C,, calculated as:
Wawy = > H{x € {ri,... ri01,. . o} | Cu(z) # Co(a)}]

S4 € V4 corresponds to the unique start configuration of the LGCMP-
¢ instance, where every worker robot r; is on a; and obstacle robot o,

is on ;.

T4 C V4 corresponds to the set of configurations where every worker

robot r; is at its target b;.

Figure 3.1 illustrates the arena graph construction for a specific input
instance (G, P, Q,0).

Complexity analysis of arena graph construction. The number of

ways to place k + m labeled robots on n vertices is:

n
_ | — ,O(k+m)
VAl (k+m>(k+m)' n
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Legend
E Worker Robot
[ Obstacle Robot
Target Vertex

P = {(v2,07), (vs,01)}, Q = {va}

(a) Initial configuration of an input instance (G, P, <)

vey, C T (final)

(ON®)

Other final configs

Start (ve, = S)

other configurations . ..

(b) Arena graph A

Figure 3.1: Visual representation of the arena graph construction. Figure
3.1a shows the start positions and targets on the physical graph G and indi-
cates target vertices of the worker robots, while Figure 3.1b illustrates how
the configurations and transitions are mapped to the arena graph A, while
showing a valid collision free schedule of 3 time steps that optimizes the total
length traversed. Here (G, P,Q, /) is a yes instance for £ = 6 units.
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Since at each time step any robot can move to it’s adjacent vertex or stay
in it’s current vertex, from any configuration, there are at most (A + 1)(k+m)
many configuration achievable in one time step , where A is the maximum

degree of G. Since A < n — 1, the total number of edges becomes:

|EA| < |VA| . nk+m _ nO(k-l—m)

The weight of an edge (u,v) in A can be computed in O(k + m) time

by comparing the positions of all robots in C, and C,. The time to assign
weight to all edges in E4 is O(|E4|(k+m). Additionally, for each vertex, we
check if it belongs to T4 in O(k) time by verifying if worker robots ry,--- | rk
are at their targets. Thus total time to construct A is n@®+m),
Solving (G,P,Q, () using A. By construction, any path in A from Sy
to some u € T4 corresponds to a valid collision-free schedule and the sum
of the weights along this path equals the total length ¢. Thus, finding the
shortest such distance on A, we can find the optimum valid schedule and
the minimized total length. We find the minimum distance using Dijkstra’s
algorithm. An implementation of Dijkstra’s algorithm that terminate when
shortest distance to any u € T4 is shown in Algorithm 1. With a binary
heap, the complexity of Dijkstra’s algorithm is:

O(([Va] + |E4l) log [V.a])

Substituting [V, [E4| = n®*+™) the total running time is n®*+™). This

concludes the proof. O
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Algorithm 1: NEAREST_TARGET(.A)

Input: Arena graph A = (Vy, EA,S4,7T4)
Output: Target vertex t € T4 closest to S, with minimal distance
dist(t)

Initialize:

foreach u € V4 do

t dist(u) +

0o0;  prev(u) ¢ nil;

diSt(SA) +— 0;
H + MakeQueue(V 4, dist);
while H is not empty do

u < DeleteMin(H);
if u € T4 then
Return shortest path from Sy to u and dist(u);

foreach (u,v) € E4 do

if dist(v) > dist(u) + w(u,v) then
dist(v) « dist(u) + w(u, v);
prev(v) < u;
DecreaseKey(H, v);

u—v

Element Description Analysis

Va All configurations of k + m | |[V|= (k " ) (k4 m)!
robots on G tm

E 4 Connect each uy4 to configu- | |E| < [V]|nH+tm™
rations reachable in one time
step from C,

W(y,v) Total robot movement from | w < (k+ m) per edge

Dijkstra’s al-
gorithm

Shortest length from start to a
final configuration on A

O(|Val| + |Ea|log |Val)

Table 3.1: Summary of the arena graph bounds

algorithm for LGCMP-/.
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Chapter 4

Unlabeled GCMP with

Makespan Minimization

In this chapter, we look into the computational complexity of UGCMP with

respect to the makespan minimization objective.

4.1 Owur Results

We establish that the problem UGCMP-p is generally intractable.

e General Intractability: We establish that UGCMP-p is NP-hard
even for a small constant value of ;1 = 4 (see Theorem 4.1). We also
show that UGCMP is NP-hard for the average arrival time objective

even when 7,, = 4 (see Corollary 4.1.1).

e A Tractable Case (1 = 1): We contrast this hardness result by iden-
tifying a specific, efficiently solvable case. We prove that the problem
admits a polynomial-time algorithm when p = 1 (see Theorem 4.2).
This tractability is a result of the strict structural limitation imposed
by u = 1, the complete absence of backward movement along an edge

which simplifies the problem significantly.
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4.2 Intractability of UGCMP-p with p =4

Theorem 4.1. UGCMP-p is NP-hard even for p = 4.

Proof. We prove this by reducing in polynomial time from 3-DIMENSIONAL
MATCHING (3DM).

3-DIMENSIONAL MATCHING (3DM)
Input: Disjoint sets A, B, and C, each of size ¢, and aset M C Ax B xC
of triples.
Question: Does there exist a subset M’ C M of size ¢ such that each

element of AU B U C appears in exactly one triple of M'?

Let Z = (A,B,C, M) be an instance of 3DM, where each triple is
denoted by m, = (a;,,bj,,c,) for p € [[M|]. We construct an instance
7' =(G,S,T,Q) of UGCMP-p with g = 4. An illustration of the reduced

instance Z’ is shown in Figure 4.1.

Tuple gadget. We create a set of vertices 2 = {w,wa, ..., wy} corre-
sponding to the triples in M, which serve as the start vertices for the obstacle

robots.

Set gadgets. For each of the sets A, B, and C, we construct a set gad-
get which is a collection of wertex clusters. Each individual cluster U =
{vw1y,vwa),s .- vw,e} contains exactly g vertices corresponding to each el-
ement of the related set in A, B, and C. We say a collection of clusters
{U1,Us,...,U,} form a chain Uy — Uy — - - - — U, if they are connected such
that vertices of a cluster U; are adjacent to vertices of the same index in U,
for each i € [¢—1]. For example, in Figure 4.1, T3 =T —T) —S; —Ss — S3— 54
forms a chain. We say a cluster is a bridge cluster if its vertices are adjacent
to vertices in the tuple gadget that correspond to tuples they are part of. For
example, in Figure 4.1, S is a bridge cluster. Each set gadget consists of two
chains and a bridge cluster in each of these chains. All chains are connected
to the tuple gadget only through their respective bridge cluster. For a robot

to go from one chain to another, it must pass through the tuple gadget.
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Figure 4.1: An illustration of the reduced Instance Z'=(G,S,T,Q, u) of
UGCMP-p from Z of 3 Dimensional Matching.
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o A-family gadget: A-family gadget consists of two chains:
— Left chain: T3 - TQ - T1 - Sl - SQ - 53 - 54
— Right chain: Vg — Ty —T7 — V5 — Vo — Vg — Sy

We add S; U Sy U S3 U S, U Sy to the worker robot start vertices S,
and T7 UTo, UT3 UT; U Ty to the target vertices T

Among these clusters, S; and Vi are the bridge clusters. For all i € [¢]
and p € [|[M]], edges (v(s, i), wp) and (vey; 4, wy) exist iff a; € my,.

e B-family gadget: Similarly, the B-family gadget also consists of two

chains:
— Left chain: S7; — S — S5 -V, =T, —T5
— Right chain: S5 — S11 — Vo — Ty — Ty — 111
We add S5 USgUS;US11US2to S, and TyUTs UTgUT0UTy; to T

V1 and Vjy act as bridge clusters. Edges connecting their constituent

vertices to w, € () exist ift b; € m,,.
e C-family gadget: The C-family gadget consists of:
— Left chain: Sg — Sg — Vo — V53—V, — T
— Right chain: S15 — S14 — S13 — T19 — Ti3 — T4y — Ti5

We add Sg U Sg U 513 U 514 U 515 to S, and T6 U T12 U T13 U T14 U T15 to
T.

V5 and Ty act as bridge clusters. Edges connecting their constituent

vertices to w, € () exist iff ¢; € m,,.

All vertices in these chains that are not in .S U {2 are initially empty.
The resulting graph forms the input graph G with & = 15 - ¢ worker

robots and m = | M| obstacle robots. This completes the construction of the
instance Z' = (G, S, T, ), ), where p = 4.
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Complexity of the reduction. The construction of the reduced instance
7' from T takes polynomial time. Specifically, generating the | M| vertices for
the tuple gadget ) and exactly g vertices for each distinct cluster in the Set
gadgets yields a total vertex count of O(|M|+ ¢q). The edges consist of strict
one-to-one intra-cluster connections requiring O(q) edges per chain link, and
at most O(q - |M|) cross-gadget edges between the bridge clusters and ).
Therefore, the entire graph G and its corresponding subsets S, T', and €2 can
be constructed in O(q - |[M]) time and space, which is strictly polynomial
with respect to the input size of the 3-DIMENSIONAL MATCHING instance.

Claim 1. IfZ is a YES instance of 3DM, then the reduced UGCMP-p

instance ' has a feasible schedule of makespan p < 4.

Proof of Claim 1. Since Z is a YES instance, there exists M’ C M such that
each element of AU B U C appears in exactly one triple of M’. Let the set
of obstacle vertices corresponding to the tuples in M’ be denoted as ;.
There is a perfect matching between {2),, and each of the bridge clusters
S1, Vi, Va, Vs, Vg, and T,

We move the robots in the reduced instance Z’ such that they follow the
target assignments and cluster paths detailed in Table 4.1.

To execute these paths, the schedule proceeds over four time steps as

follows:

et =0 — 1. We move the ¢ obstacle robots on €, to V5. Simulta-
neously, worker robots in S; advance into the vacated 2,;,. All other

worker robots advance one step toward their targets.

e t =1 — 2: The obstacle robots continue their path, moving V5 — T%.
The worker robots currently in €2, move forward to V5. This step
vacates 2y, allowing the worker robots from V; to enter. All other

workers continue advancing along their assigned paths.

e t =2 — 3: The obstacle robots advance toward Tg. The worker robots
in 25, move to Vy. With Q) vacated again, worker robots from V5 now

enter €2,,. All other workers advance one step closer to their targets.
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Start Vertex Target Vertex Cluster Path

QM/ Vé QM/—)%—)T7—>T8—>‘/6
S1 Ty S1 = Qu— Vs — Tr — Ty
S T; So = ST = T1 — Ty — Tj
53 T2 S3->SQ—>51—>T1—>T2
S4 T1 S4—>53—)SQ—>31—>T1
55 Tg S5->‘/1—)QM/—>‘/E)—>T9
Se T5 S¢ — S5 — Vi — Ty — T;
S7 T4 S7—>SG—>S5—>‘/1—>T4
S T Sg — Vo = V3 — Vi — T
Sg T12 Sg — Sg — ‘/2 —>QM/—>T12
S1o T Sio— Ve = Vi = V5 = 1%
St Ty Sn — Vo = Ty — Ty —1Tn
S12 Ty Sig = St — Vo = Ty — Ty
S13 15 Sis — Tig — Ty — Ty — Tis
Sia Ty Sy — Sz = T — Tz — Ty
Sis T3 Sis — S — Sz — Tia — Tis

Table 4.1: Target cluster assignments for robots and their corresponding
routing through clusters.

e t =3 — 4: All robots take their final step, simultaneously arriving at
their designated target partitions in 7.

Because M’ is an exact 3-dimensional matching, the required edges be-
tween the vertex gadgets and €2, are guaranteed to exist at each timestep.
Therefore, all movements occur without collision, yielding a feasible schedule

of makespan p < 4. O]

Claim 2. If the reduced instance I' is a YES instance, then the original
instance T of 3-DIMENSIONAL MATCHING s also a YES instance.

Proof of Claim 2. To prove this claim, we will first show that p is exactly
four and any feasible schedule with y = 4 should strictly follow the unique
start-target assignment shown in Table 4.1 for all worker robots. We will
then show that this unique routing forces the obstacle robots to move in a

way that gives a valid 3-D matching in 7.
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First, we prove that © = 4. Since Z' is a YES instance, there exists a
feasible schedule of makespan pu < 4. Assume there exists a schedule with
i < 3. Consider worker robots initially placed at S;. The closest target
partition is 77, which is four steps away. Therefore, we need at least 4 time
steps to move them to their destination, which contradicts the assumption.
Thus p = 4.

Now we prove that routing must exactly match the unique assignments
previously detailed in Table 4.1. We prove this using a strict process of
iterative elimination based on the structure of the input instance.

Since the makespan is bounded by four, all worker robots should have
minimum arrival time 7 < 4. At each step of iterative elimination, certain
clusters have exactly one remaining valid target. Then, we assign this unique

target cluster to that start cluster.

e Step 1: We first identify source partitions that have exactly one target
partition reachable with an arrival time 7 < 4. Based on the graph’s
structure, robots in Sy, S7, Sy, S19 each have exactly one cluster reach-
able in 7 < 4. This strictly forces the following assignments: Sy — T,
S7 — Ty, Sg — T19, and S19 — T7.

e Step 2: Once these initial targets are assigned, they are no longer
viable options for other robots. The viable options are reduced to
T\A{Ty, Ty, T7, T12}. There is a new set of robots with only one possible
target. For instance, robots at Si5 could reach Ty, with 7 = 3, but
because T}, has to be assigned to Sy, Si5 must move to Ti3. The

following assignments can be fixed: S3 — T, S¢ — T5, and S5 — Ti3.

e Step 3: Now the available target vertices are T\{T1, T, Ty, T5, T7, T12, T13}.
The following assignments are fixed: Sy — T3 and S5 — Tj.

e Step 4: Continuing this elimination, the remaining target clusters
strictly forces Sg — Ty, S12 — Tho, and Sy — Ti4. Finally, the last
remaining source clusters are assigned to their target clusters: S;; —
Ti1, S1 — Ty, and S13 — Tis.
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Since the assignment of targets in steps 2, 3, and 4 is a consequence
assigning only available options in the previous steps, any deviation from
these forced assignments would leave at least one cluster without a reachable
target, forcing the makespan to exceed 4. This cascade of assignments proves
that the start-target assignment for the worker robots shown in Table 4.1 is
the only possible assignment for a feasible schedule.

Clearly, the minimum arrival time 7 = 4 for all the worker robots. Thus
no worker robot can wait at any timestep and must move continuously toward
their targets.

As established by the required paths in Table 4.1, worker robots from .Sy,
S5, and Sy must all traverse the obstacle gadget {2 to reach their targets.
Because no robot can wait, these three groups will arrive at and occupy the
obstacle gadget at consecutive time steps.

To make room for the first set of worker robots from S; at t = 1, we
must move ¢ obstacle robots out of 2. The only free vertices adjacent to €2
available for moving these obstacle robots is V5. Let us call the subset of
obstacle vertices vacated by these robots €2;;/.

Once these g obstacle robots move to Vi, they cannot return to €2, nor
can any other obstacle robots be moved out, because all neighboring vertices
N(£2) are occupied by worker robots moving towards their target. Therefore,
the worker robots from Sy, S5, and Sy must successively move through the
exact same set of ¢ empty vertices, €23,,. The vacated obstacle robots must
continuously move toward Vj to prevent collision with the trailing S robots.

Let M" C M be the set of ¢ tuples corresponding to the vertices in ;.

e At t =1, 5] moves into €2,,. For this to be physically possible without
collisions, every vertex in S; must have an edge connecting to (2.
Since S; corresponds to the elements of set A, every element a;, € A

appears in at least one tuple of M.

e At t = 2, Sy vacates Qy, and robots from V) (originating from Ss)
enter it. Thus, V] must have perfect matching to €2;,, meaning all

elements of B are covered by M.
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e At t = 3, V] vacates Qy, and robots from V5, (originating from Sg)
enter it. Thus, V5 must have perfect matching to €2;,, meaning all

elements of C' are covered by M.

To prove that M’ constitutes an exact matching, we examine the cardi-
nality of these sets. The obstacle space €2, holds exactly ¢ vertices, which
signifies that the subset M’ consists of exactly ¢ triples. The sets A, B, and
C contain exactly ¢ distinct elements. Since exactly 3¢ elements are entirely
covered within the ¢ triples, redundancy of an element is not possible. There-
fore, each element in A U B U C' must appear in exactly one triple, proving

that M’ is an exact 3-dimensional matching. O]

By Claim 1, a valid 3-dimensional matching in Z guarantees a collision-
free schedule for Z" with a makespan of exactly u = 4. Conversely, Claim
2 establishes that any feasible schedule achieving this makespan strictly en-
forces a unique, continuous routing that maps back to an exact matching in Z.
Since this reduction runs in polynomial time, we conclude that UGCMP-p

is strongly NP-hard, even for instances with a makespan of y = 4. O

Corollary 4.1.1. UGCMP-p is NP-hard when the goal is to minimize av-

erage arrival time 7,,, even for 7,, = 4.

Proof. This follows directly from the reduction in Theorem 4.1. In our con-
struction, a valid solution of y = 4 requires all & worker robots to reach
their destinations in exactly four time steps. Thus 7 = 4 for all robots.
Consequently, the reduced instance is a YES instance minimizing the aver-
age arrival time 7,, < 4. Therefore, the exact same reduction holds for the

average arrival time objective. O]

4.3 Polynomial Time Algorithm for y =1

In this section, we present an algorithm that solves UGCMP-p instances
with £ = 1 in polynomial time, hence proving this problem is tractable.
We provide the proof of correctness and time complexity analysis of the

algorithm.
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Theorem 4.2. UGCMP-u admits a polynomial-time algorithm when p = 1.

Proof. We prove this by reducing an instance of UGCMP-p with p = 1
to a single-commodity integer maximum flow problem on a flow network
H in polynomial time, as shown in Algorithm 2. A generic illustration
of the resultant flow network is shown in Figure 4.2. Given an instance
(G,S,T,9, 1 =1) of UGCMP-u where |S| = k and |Q2| = m, we construct
flow network H as follows.

We first define an edge set £/ C V x V called the self-loop set beyond
the original graph edges F. It contains a loop (v, v) for each worker robot
initially on s € (SN T) and each obstacle initially on 0 € (Q\ T).

The vertex set of H consists of five parts:
e A super source a and a super sink .

0P1:SUQ

P2:{€m|€EEUE/}

Py ={eou | e € FUE"}

P; =TUQUN(Q) where N(Q) is the set of all neighboring vertices of
each o € (.

We add the following directed edges, each with a capacity of 1:
e o — P;: Add an edge («a,v) for each v € P;.
e P; — (: Add an edge (v, 8) for each v € P;s.

e P, — Pj: The vertex corresponding to e, € P, has an outgoing edge

to the vertex corresponding to the same edge e,y € Py.

e Worker routing: For each s € Sand t € N(s)NT (as well as t = s
if (s,s) € E'), add an edge from s € P; to (s,t)y, € P, and from
($,8)out € P tot € Ps.

e Obstacle routing: For cach 0 € Q and w € (0 U N(0)) \ T, add an
edge from o € P; to (0,w)i, € Py, and from (0, w)u € Py to w € Ps.
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Algorithm 2: SOLVE-UGCMP-MU1(G, S,,T)
Input: Graph G = (V, E), start vertices S, obstacle positions (2, target

vertices T'

Output: true iff all worker robots can reach from S to T in < 1 step

// 1. Pre-processing and Partitions

k< |Sl; m<« 19l

E +{(v,0) |ve (Q\T)U(SNT)}; // Self-loops for staying put
P+ SUQ; P+ {em|le€c EUE}; Py« {eoun|e€ FEUE};
Py« TUQUN(Q);

// 2. Network Construction

Initialize graph H with super-source o and super-sink j3;

foreach v € P, do // Edges from super source to sources
t AddEdge(a, v, cap = 1);

foreach e € FUE' do // Connecting edge in to edge out
t AddEdge(eéin, €out, cap = 1);

foreach s € S do // Worker routing
foreacht € N(s)NT, and t = s if (s,s) € E' do

AddEdge(s, (s,t)in, cap = 1);
L AddEdge((s,t)out, t, cap = 1);

foreach o € (2 do // Obstacle routing
foreach w € N(0)\ T, and w = o if (0,0) € E' do

AddEdge(o, (0,w)in, cap = 1);
L AddEdge((0, w)out, w, cap = 1);

foreach v € P; do // Edges from sinks to super sink
L AddEdge(v, 8, cap = 1);

// 3. Computation
f* < MaxFLow(H, «, 5);

return f*=k+m

The number of vertices in Py and Ps is in O(|V]), and P, and Pj are in
O(|V| + |E]) since |E’'| < |V]. The number of edges in H is in O(|V| + |E|)

as well, since there can be a maximum of 2(|E| + |E'|) edges between P& Ps
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Figure 4.2: Generic illustration of the flow network H constructed for
UGCMP-p when = 1. Edge gadgets (P, — Pj) guarantee edge-collision
avoidance, while the unit capacities from P; the super-sink 3 prevent vertex
collisions.

and Py&P;. Thus, H is of polynomial size with respect to the input graph
G. Using the Edmonds-Karp Algorithm, we can find the max-flow on H in
O(|Vu| - |Ex|?), which is equal to O((|V| + |E])?).

Claim. The given instance of UGCMP-u (u = 1) is a YES instance if
and only if the maz flow on H, f}; =k + m.

Proof of Claim. = : Since the UGCMP-y instance is a YES instance,
there exists a valid, collision-free 1-step schedule where all k& worker robots
reach distinct targets in 7', and all m obstacles reach valid non-target vertices
in V\T. For every robot (worker or obstacle) moving from its start vertex u
to its destination v, we push 1 unit of flow along the path o« — v — (u,v);, —
(U, V)out — v — B. Because the schedule is collision-free, no two robots share
the same edge (satisfying the capacity of 1 on (u,v)in — (U, V)out) and no
two robots arrive at the same destination vertex (satisfying the capacity of 1
on v — f3). Since all k workers and m obstacles successfully route to distinct

valid endpoints, exactly & + m units of flow reach the super sink . Thus,
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fir=k+m.

<= : It fj; = k + m, by the Integral Flow Theorem, there exists an
integer maximum flow of this value. Since the outgoing edges from the super
source o have a capacity of 1, exactly 1 unit of integer flow originates from
each starting position in P, = S U Q. This flow must traverse exactly one
edge gadget (u,v)in — (U, v)out to reach P;. The capacity of 1 on the edge
gadgets ensures that no two robots traverse the same physical edge in G,
preventing edge collisions. The flow then moves from Pj to the super sink 5.
The capacity of 1 on these edges ensures that exactly one robot arrives at any
given destination vertex, preventing vertex collisions. Finally, the network
construction guarantees that flow originating from .S can only route to target
vertices T, while flow originating from €2 can only route to non-target vertices
(V\T). Because all k workers arrive at T', all m obstacles move out of their
way, and no collisions occur, the flow paths directly map to a valid 1-step

schedule, making it a YES instance. O

Therefore, the maximum flow directly computes a valid schedule when

it = 1, establishing that the problem is solvable in polynomial time. O

To illustrate this reduction, Figure 4.3 demonstrates a concrete UGCMP-
1 instance alongside its corresponding flow network H. For the input instance
in Figure 4.3a, the resultant flow network is shown in Figure 4.3b. The move-
ment of a unit flowing through the vertices corresponding to S and €2 in P,
will now dictate the routing of the robot starting from that vertex in In-
stance (G, 9, T,€Q, ). A unit of flow directed from o — V; — €15 — €}, —
Vy — [ corresponds to robot r; moving from vy to ve through (vy,vs) in
(G,S,T,Q, ). The solid edges in Figure 4.3b shows edges in the network
through which the flow happens, and dashed edges are unused. In this case,
Algorithm 2 will return true because fx =6 = k + m, and the final configu-

ration will be: ry — vg, 79 — v3,73 — U5, 01 — V4, 09 — Vg, and o3 — vy.

35



Legend
E Worker Robot
I Obstacle Robot
(O Target Vertex

(a) Input Instance (G, S,T,Q,pu=1)

"> €24

€45

> €66

Legend

— Active (worker)

: : : : ---> Passive (worker)

E : E : —> Active (Obstaclc)
Cin Cout -+ Passive (Obstacle)

(b) Flow Network H

Figure 4.3: Reduction of a UGCMP-p instance to a maximum flow prob-
lem for makespan p = 1. Figure 4.3a is an instance on a graph G with
k = 3 workers (S) and m = 3 obstacles (2), and target destinations (7).
Figure 4.3b shows the resultant unit-capacity flow network H. Solid edges
indicate the active flow paths and f* = k + m = 6, corresponding to a valid
1-step routing schedule. In the resultant final configuration of UGCMP-p
instance: r; — v9, 79 — V3, T3 —> U5, 01 — U4, 03 — Ug, and o3 — vy.
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Chapter 5

Tree-UGCMP-/ with One
Obstacle

In this chapter, we present a preliminary analysis of the UGCMP Problem
on a tree graph with exactly one obstacle, with the objective of minimizing
the total routing length ¢ (i.e., the sum of the lengths of all robot paths). We
denote this specific variant as TREE-UGCMP-¢ wiTH ONE OBSTACLE.

Let the underlying graph be a tree Gr = (V, E)). Suppose the single ob-
stacle robot initially occupies the vertex v, € V. We fix the root of G at v,.
Removing v, partitions the tree into a set of disjoint connected components
Gr[Ki], Gr[Ksl, ..., Gr[K,], each rooted at a child v, ; of v,.

We say a subtree Gr[K;] is balanced if it contains an equal number of
sources and sinks; otherwise, it is unbalanced. The structure of these com-
ponents relative to the obstacle’s starting position plays a significant role in

the optimal movement strategy.

5.1 Robot Motion on a Balanced Subtree

Lemma 1. For every balanced subtree Gr[K;], there exists a solution that

minimizes total length in which no robot moves through the edge (v;, v;;).

Proof. Assume that in some optimal solution, a robot A with source s; €

Gr[K;] is assigned to a sink ¢t; ¢ Gr[K;], thus crossing the edge (v, ;,v,) in
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the upward direction.

Since Gr[K;] is balanced, the number of sources and sinks within Gr[/C;]
are equal. Robot A moving to t; ¢ Gr[K;] leaves an unmatched sink
to € Gr[K;]. Since Gr[K;] is balanced, the complement G \ G7[K;] is also
balanced. Hence there must exist a source sy ¢ Gr[K;] whose assigned robot
B is routed to ty € Gr[K;], crossing the edge (v, v,;) in the downward di-

rection. The paths of A and B in this solution are:

Aisy = 0 = Uy = U = 0 =y,

B:sy = -+ = v, = vy — - — ta.

Now swap the sink assignments of A and B: route A to ty € Gr[K;] and
B to t; ¢ Gr|K;]. The resulting paths are:

Alisy = oo = v = s

B sy — o0 = v = o = 1y

In the rerouted solution, robot A’ travels entirely within G¢[/C;] (or at most
reaches v,.;), and robot B’ travels entirely outside Gr[IC;]. Neither robot
crosses the edge (v, v, ;). All other segments of both paths are retained
exactly as before. Therefore, the total length decreases by exactly two since
each of A and B previously traversed this edge once and neither does so in
the rerouted solution.

This reduction in total length contradicts the assumption that the original
assignment was optimal. Hence, no optimal solution can assign a robot from
a source inside Gr[I(;] to a sink outside Gr[K;], and consequently, the edge

(v, vy;) is never traversed in any length-optimal solution. O

5.2 Reduction Rules

To simplify the instance before routing the obstacle, we can apply the fol-
lowing reduction rule to resolve isolated assignments towards the leaf end of
the tree.
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Reduction Rule 5.1. Suppose there exists a sink ¢; which is a leaf node
and a source s; in a connected component Gr[K;]. We can move the robot
on s; to t; along the unique path in G7, and delete the node t; from the

mstance.

5.3 Case Analysis of Obstacle Movement

Based on the distribution of balanced and unbalanced components, we can
categorize the required movements of the obstacle robot to achieve a length-

optimal schedule. A summary is visualized in Figure 5.1.

1. Every connected component is balanced: The obstacle robot does
not need to move (by Lemma 1). Each component Gr[K;] is solved
independently within itself, since every source-destination pair can be

matched without crossing into another component.

2. There exists at least one balanced connected component G [K;]:
The balanced component is solved internally. The obstacle must move

to make way for robots in the unbalanced components.

(a) The root v,; of the balanced subtree is not a sink: The

obstacle robot needs to move exactly once (into v,.; to clear v,).

(b) The root v,; of the balanced subtree is a sink but not a
source: The obstacle will have to move at least twice.
i. v, is not a sink: The obstacle needs to move exactly twice.
ii. v, 28 a sink: The obstacle needs to move at least twice.
(c) The root v,; of the balanced subtree is a sink and a source:
If v,; is a leaf node, then we cannot move the obstacle robot to

vy;. Otherwise, check if the subtrees of the balanced component

Gr[K;] are balanced or not.

i. If balanced, then the robot at v,; doesn’t need to move unless

to make way for the obstacle.
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ii. If unbalanced, the robot at v,; needs to move at least once.

Then, if v, is not a sink, the obstacle robot needs to move

exactly twice. If v, is a sink, the obstacle robot needs to

move at least twice.

3. Every connected component is unbalanced: The obstacle robot

must move at least twice, as there is no single safe balanced branch it

can permanently occupy while all components exchange robots through

the root.

[ Tree-UGCMP-¢
with One Obstacle

|
J

3 a balanced Gr[K;]
(not all balanced)

Every Gr[Ki]
is balanced

vy; is not a sink

GrlK;]: v, is a sink,

3 balanced Gr[K;]: Every balanced
but v, is not a sink

Obstacle moves
exactly once

vy; 1s a sink but
not a source

3 balanced G7[K;]: ’

Obstacle moves
exactly twice

3 an unbal-
anced subtree

of GT [Kl]

rooted at v,

Obstacle moves
exactly twice

Obstacle does Obstacle moves
not move > 2 times
Obstacle moves
> 2 times

Every Gr[Ki]
is unbalanced

Every balanced
GrlKi): vy is a sink,
and v, is also a sink

Every bal-
anced Gr[K;]:
v, is both a

source and a sink

All subtrees of Gr[K;]

rooted at v,;
are balanced

Obstacle moves
> 2 times

Figure 5.1: Case analysis for TREE-UGCMP-/ wiTH ONE OBSTACLE.
Gr[K;] denotes the subtree rooted at child v,.; of the obstacle’s starting ver-

tex v,.
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Chapter 6

Conclusions

6.1 Results and Discussion

In this thesis, we explored the computational complexity of GCMP, focusing
on the implications of introducing obstacle robots into both labeled and
unlabeled variants.

For the labeled variant with the objective of length optimization LGCMP-
¢, we presented an n?*+™ algorithm. This result successfully places the
problem in the complexity class XP when parameterized by the total number
of robots k +m, establishing that the problem is solvable in polynomial time
when the total number of robots is a constant. However, we note that an XP
classification is computationally weaker than Fixed-Parameter Tractability,
as the exponent of the polynomial heavily depends on the parameter, limiting
its practical scalability for larger multi-agent systems.

For the unlabeled variant with the objective of makespan minimization
UGCMP-p, which is known to be highly tractable in the absence of obsta-
cles, we identified it becomes computationally challenging when optimizing
for time (makespan). We proved that UGCMP-p is NP-hard for a makespan
of p = 4 (and average arrival time 7,, = 4). This demonstrates that the in-
terchangeability of worker robots is insufficient to overcome the challenges
created by obstacle robots.

In contrast to this this general intractability, we prove that the problem
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is in P when g = 1. In the classical obstacle-free unlabeled CMP the prob-
lem is solvable by reducing to a time expanded single-commodity network
flow problem precisely because schedules can be constructed with only uni-
directional movement through edges, allowing the scope of makespan to be
strictly bounded. Introducing obstacle robots typically breaks this tractabil-
ity in two ways: it transforms the routing into a multi-commodity problem,
and it forces opposing edge traversals to clear paths, invalidating standard
time bounds. However, when o = 1, these two structural issues are bypassed.
First, because there are no intermediate time steps, the sets of possible target
vertices for workers and obstacles do not collide, allowing us to maintain dis-
joint sets and avoid multi-commodity path conflicts. Second, the single-step
condition trivially bounds the time and strictly prevents any edge from being
traversed in opposite directions. Consequently, the problem circumvents the
complexities usually introduced by obstacles and remains efficiently solvable.

Finally, we analyzed UGCMP for distance optimization on tree graphs
containing a single obstacle. By examining the balance of sources and sinks
within discrete subtrees, we did a case analysis, demonstrating topological

restrictions might simplify the effect of obstacles.

6.2 Future Work

While this thesis resolves some open questions regarding the complexity of
GCMP, it also highlights areas for future research. We propose the following

directions:

e Finer Parameterized Analysis of LGCMP-/:

While we established an XP algorithm for distance optimization pa-
rameterized by k + m, it remains an open question whether an FPT

algorithm exists for this parameter alone.

e Closing the Tractability Gap in UGCMP-:
We established that UGCMP-p is in P for g = 1 and NP-hard for

i = 4. The exact computational complexity for makespans py = 2
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and p = 3 remains an open question. Determining the exact point at
which the problem transitions from tractable to intractable will provide

a deeper understanding of the problem’s core difficulty.

Constant Number of Obstacles:

Our NP-hardness results for UGCMP-y utilize arbitrary numbers of
obstacle robots. It is worth investigating whether the time optimiza-
tion problem becomes tractable if the number of obstacle robots m is
restricted to a small, fixed constant while the number of worker robots

k remains arbitrary.

Restricted Graph Classes:

Our structural analysis on trees was partial and limited to length op-
timization with a single obstacle. Completing and extending our tree
analysis to handle multiple obstacles (m > 2) is also a further direction
to move in. Future research should analyze UGCMP-y and UGCMP-

¢ on restricted graph classes such as trees or grids.
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