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ABSTRACT

Quantum computers and algorithms have demonstrated an advantage

in certain problems over their classical counterparts. There exist problems

that turn out to be incredibly useful, in which these computers perform

exponentially better. However, such systems are highly prone to error,

which makes practical implementation extremely difficult. With the advent

of quantum information science, the mitigation of errors forms the core

motivation behind quantum error correcting codes. In the classical realm

of computation, error correction is a well-established domain, and taking

inspiration from classical error correction, in 1995, Peter W. Shor introduced

the first [[9,1,3]] repetition code which could detect up to 2-qubit quantum

errors.15 In 1997, Daniel Gottesman, in his doctoral thesis, introduced stabilizer

codes, which formalized a group theoretic structure to construct and analyze

code.3 Since then, quantum error correction has been well formulated and

has been shown to be successful in overcoming errors to an extent.

In classical error correction, special familes of graphs have shown to

produce good error correcting codes.16,2,8,9 The concept of graph states, attri-

buted to Raussendorf and Briegel,11 is an important part of measurement

based (or one-way) quantum computing and heavily related to stabilizer

codes. While finding the minimum distance of an error correcting code from

an arbitrary graph state has been shown to be difficult,5 there have been

recent advancements in establishing relations between the graph state and

minimum distance.6 The main objective of this work is to find such relations

between graph states and the minimum distance of the error correcting

codes derived from the graphs through measurement. With these relations,

we attempt to construct families of graphs that produce codes of desired

parameters.

Keywords: Quantum Error Correction, Graphs
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Introduction

1.1 Outline and Contributions

Quantum error correction is a well-established field with strong foundations.

The first chapter introduces the necessary background in quantum error

correction, with particular emphasis on the stabilizer formalism. A brief

description of encoding using measurement-based quantum computing is also

provided.

The second chapter establishes the connection between graph states and

stabilizer codes through recent developments in the area. This chapter also

introduces the Quantum Lights Out (QLO) game, which serves as a useful

tool for analyzing graph states and quantum codes.6

The main contributions of this thesis are presented in the results chapter.

First, we analyze the QLO framework to identify structural properties of

graphs that influence the minimum distance, leading to several lower bounds.

We then reformulate QLO in an algebraic framework to derive additional

relations and bounds. Finally, using the insights obtained from these results,

we construct families of graphs that yield quantum codes with desired param-

eters. We present three constructions, each providing a refinement over the

previous one.



1. Introduction 2

In the final chapter, we summarise our findings, quickly glancing through

the methods we adopted, followed by a brief discussion on promising future

directions.

1.2 Error Correction

Quantum systems are inherently prone to noise. It is very hard to isolate a

state and prevent external interactions. Naturally, a very damaging consequence

is the difficulty in storing and transferring information using qubits, without

the occurrence of any unwanted measurements or interactions. It is also quite

difficult to perform unitary transformations, which act as gates. Classically,

we deal with errors using error detection and error correction. Error detection

involves checking if any error has occurred and, if yes, resending the problematic

bits. However, the no-cloning theorem implies that an arbitrary quantum

state cannot be copied, which prevents resending. Thus, classically inspired

error correcting codes are employed to overcome errors in quantum systems.

Quantum error correction theory was formally developed by Emanuel

Knill and Raymond Laflamme in 1996.7 For a general quantum code, the

aim is to protect k-logical qubits from unwanted errors. The k logical

qubits span a Hilbert space of 2k basis states. We can encode the logical

state into some state of an n qubit system, where n > k. The resultant

codespace C is a subspace of the full Hilbert space with 2n basis states.

Thus, the encoding procedure is simply a mapping from the logical 2k-

dimensional Hilbert space to some subspace of the 2n dimensional Hilbert

space. Classically, the minimum distance d is defined as the minimum

distance between any two distinct codewords. For a linear code, this is equal

to the weight of the smallest non-zero codeword. With minimum distance

d, a code can detect up to d − 1 errors and correct up to ⌊d−1
2
⌋ errors. We

represent such a quantum code as an [[n, k, d]]-Quantum code.
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1.2.1 Repetition Codes: Bit-Flip or Phase-Flip Errors

Let’s consider the classical case of bit-flip errors. The error operator E acts

as a classical NOT gate:

E(0) → 1 and E(1) → 0

A trivial solution would be sending the 3-bit message 111 when we actually

want to send 1, and sending 000 instead of 0. We say:

1L = 111 and 0L = 000

This scheme enables us to detect up to 2 bit flips and determine the position

of up to 1 bit flip, thereby allowing us to correct 1 bit errors. For detection,

we simply need to check the parity of bits 1 and 2, and bits 2 and 3. The

error syndrome is given below:

b2 ⊕ b1 b1 ⊕ b0 Position of Error

0 0 No error

0 1 b0

1 0 b2

1 1 b1

For quantum information, we may be inspired by the same idea. To

protect against bit-flip errors, which are in the computational basis, X gate

errors, we may encode |0L⟩ → |000⟩ and |1L⟩ → |111⟩. Thus, an arbitrary

state |ψ⟩ = α|0⟩+ β|1⟩ becomes:

|ψL⟩ = α|0L⟩+ β|1L⟩ = α|000⟩+ β|111⟩
It is easy to see that this does not violate the no-cloning theorem as the

encoded state is different from |ψ⟩ ⊗ |ψ⟩ ⊗ |ψ⟩. The encoding circuit is also

fairly simple to construct. For parity checking operations, we shall include 2

ancillary qubits which perform CNOT operations.

As for phase flip errors, such errors are created by the Pauli-Z gate. If

we consider the Hadamard basis, action of this error is simply: |+⟩ → |−⟩,
and |−⟩ → |+⟩. Which means, a clever basis change will help us to treat

phase-flip errors just as bit-flip errors. Instead of CNOT gates, for parity
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check, we use CZ gate.

1.2.2 Shor’s [[9,1,3]] code: phase-flip and bit-flip

errors

The 3-qubit repetition code is effective in overcoming single phase flip errors

or bit flip errors, but not both at the same time. Peter Shor, in 1995 showed

how to correct an arbitrary single qubit error by combining the phase-flip

and bit-flip correcting codes.15 Shor’s code is a [[9, 1, 3]]-quantum code which

encodes a single logical qubit (that is, 21 = 2 basis states) into a space of 9

physical qubits and detects up to 2 independent unitary errors. It considers

3 blocks of 3 qubits each, with each block correcting phase flip errors and

combines the three blocks to correct bit flip errors.15

1.3 Stabilizer Codes

Stabilizer formalism was first introduced by Daniel Gottesman.3 Here, valid

codewords are specified by a group of measurement operators, say S. S
contains Pauli operators and is commutative. It can also be specified by just

the generators of the stabilizer group, SG. Also note that if M ∈ S and

|ψ⟩ ∈ C, then M |ψ⟩ = |ψ⟩. That is, all valid codewords are in the common

+1 eigenspace of the measurement operators specified by the stabilizer group.

In short, for an abelian subgroup S of the n-qubit Pauli group Gn, we

define the codespace C as the following, if:

Gn = {α
⊗

i=1...n

Pi : α ∈ {±1,±ι}, Pi ∈ {I,X, Y, Z}} ,

C = {|ψ⟩ :M |ψ⟩ = |ψ⟩ ∀M ∈ S}
An [[n, k, d]] quantum code can be specified by n− k stabilizer generators,

each acting on n qubits. We may also define logical operators X̄i and Z̄i,

with 1 ≤ i ≤ k.
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1.3.1 Minimum distance of stabilizer codes

Consider an error operator E, which anticommutes with some stabilizer M ,

that is, EM = −ME, and {E,M} = 0 acting on a valid codeword |ψ⟩.
M(E|ψ⟩) = −EM |ψ⟩ = −(E|ψ⟩)

Which means E|ψ⟩ is in the −1 eigenspace of M and we can detect E

by measuring M .

Now consider the case when E and M commute (EM =ME, [E,M ] = 0):

M(E|ψ⟩) = EM |ψ⟩ = (E|ψ⟩)
Which means E|ψ⟩ is in the +1 eigenspace of M, and we can’t detect E by

measuring M alone. Now, since the Pauli group for n-qubits: {I,X, Y, Z}⊗n

form a basis for C2n×2n , we shall write any n-qubit error operator as complex

linear combination of elements of this Pauli group. Thus, there are in total,

three cases:

• Case I: {E,M} = 0: In this case, we can detect the error.

• Case II: E ∈ S: Since E|ψ⟩ = |ψ⟩, E does not change the codeword.

• Case III: [E,M ] = 0, E /∈ S, M ∈ S: Error cannot be detected.

For the subgroup S, we define the Normalizer subgroupNG(S) as the subgroup
of G which contain all elements that commute with every element of S. Case
I shall correspond to the complement of the normalizer and Case II and III

shall be elements of the normalizer subgroup. The minimum distance of a

stabilizer code is defined as the minimum weight of a non-stabilizer element

in the normalizer of S, NG(S).
d = min{wt(E) : E ∈ NG(S) \ S}

Here wt(E) is defined as the number of qubits for which E acts non-trivially

(non-identity).
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1.4 Cluster States

Cluster states (also known as graph states) are arrays of entangled qubits1

which form the basis for measurement based quantum computation.11 It

has also been shown that they can be used in constructing quantum error

correcting codes.13

Consider an undirected graph Γ = (V,E) with |V | = n. From an n qubit

state, we can construct a cluster state |ψ⟩ from graph Γ as follows:

• For each qubit, the initial state is |+⟩. Thus, the initial state of the

system is |+⟩⊗n.

• Assume that the qubit qi corresponds to the i-th vertex. For each edge

e = (u, v) ∈ E(Γ), perform a controlled-Z operation between qubits qu

and qv.

• We are left with the entangled state, |ψ⟩.

Now, let’s see what are the Pauli operators which stabilize this state. In

other words, we need operators M such that M |ψ⟩ = |ψ⟩. Consider the

simple example of a single disconnected vertex. This would be the |+⟩ state
and from the properties of the Pauli matrix, we know that this is stabilized

by the Pauli-X operator. Now, consider the graph made of two vertices and

an edge (u, v) between them. The corresponding cluster state we construct

would be:

|ψ⟩ = 1√
2
CZ(|0+⟩+ |1+⟩) = 1√

2
(|0+⟩+ |1−⟩)

It is easy to see that |ψ⟩ is stabilized by the operators XuZv and ZuXv. For

an n-qubit cluster state associated with an n-vertex undirected graph Γ, we

get the following stabilizer generators:

Mi = Xi

⊗
j∈N(i) Zj, 1 ≤ i ≤ n

For each vertex u of Γ, we obtain a stabilizer generator with Pauli-X at the

u-th qubit and Pauli-Z at each of its neighbouring qubits. We have seen that

stabilizer group is commutative. Since the stabilizers we get from the graph

only containX and Z, we note that two anticommute if there are odd number
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of vertices having anti-commuting operators (eg: X1X2 and Z1X2). But the

for the generators we constructed, if two vertices u and v are adjacent, the

corresponding generators will be of the form XuZvZi . . . , XvZuZj . . . which

means they anticommute at exactly 2 qubits and thus the generators should

commute. If the vertices are not connected by an edge, the corresponding

generators will commute at every qubit. Thus, the group generated by the

operators we construct is an abelian group.

1.5 Encoding Operation-The Stabilizer

Picture

Consider an [[n, k, d]] code. Here, we encode information from k logical qubits

to n physical qubits. For this, we start with a cluster state of n + k qubits.

Among these n + k qubits, the set of k qubits contain the initial state we

need to encode and are called input qubits. This state is encoded into the

remaining set of n-qubits, called output qubits, through measurement of the

input qubits.

1.5.1 Initial stabilizer tableau

We first consider the stabilizer generators obtained from the cluster state.

These generators form a tableau of n+ k stabilizers of the form XiZaZb . . . .

We may split this into two parts, one containing the X operator and another

containing the Z operator and we define the initial stabilizer tableau as

follows:

The initial stabilizer tableau can be specified as: M = [MX MZ ] , where

MX and MZ are n+ k × n+ k matrices such that:

MX
ij = 1 If the i-th stabilizer has X at the j-th qubit (Xj)

MZ
ij = 1 If the i-th stabilizer has Z at the j-th qubit (Zj)

MX and MZ have all other entries as 0. A straightforward observation, due

to the way in which we have constructed the stabilizer from the cluster state,

is that MX = In+k. Similarly, MZ
ij = 1, whenever there is an edge between
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the i-th and j-th vertices in the original graph. In other words,M z is just the

adjacency matrix of the initial graph. Thus, the initial tableau of stabilizer

generators, which is of size (n+k)×2(n+k) contains information about the

initial cluster state.

1.5.2 Evolution of stabilizer tableau upon

measurement

With measurement of the set of k input qubits in the X-basis, the state

has effectively changed. Which means that the stabilizer group should also

change.

Assume that ⟨S1, S2 . . . Sn, Sn+1, . . . Sn+k⟩ is the initial set of n+ k stabilizer

generators and we measure qubit qm in the X basis, which means that

the state has collapsed to either |+⟩( (eigenvalue +1) or |−⟩ (eigenvalue

−1). Hence, the changed stabilizer set should have Sm = ±Xm as the

stabilizer corresponding to qubit qm. But this might cause some other

existing generators to anti-commute with Sq. Let the initial set of generators

be ⟨S1, S2, . . . Sl, Sl+1, . . . Sn+k⟩ such that {S1, . . . , Sl} anticommutes withXm

and the rest commutes with Xm. We get the new stabilizers by:10

• Generator set is modified into: ⟨S1, S2S1, S3S1 . . . SlS1, Sl+1, . . . Sn+k⟩

• Replace the anti-commuting generator S1 to ±Xm. Now, the generators

form an abelian group.

• If any of the remaining generators contain Xm, replace it with ±1, which

is the measurement result.

For k successive measurements, this process must be repeated k times.

In the stabilizer tableau, these series of steps will translate to some

elementary row operations and replacements. An important observation

about generators that anti-commute after measurement is that, these generators

are precisely those which contain the operator Zm associated with the measured

qubit. This is because since the new stabilizer generator associated with
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measured qubit is just Xm. Thus, if Mi is a row in the stabilizer tableau

which gives an anti-commuting operator, Mi,(n+k+m) = 1.

• Among the rows which have MZ
i,m = 1, we fix a pivot row p. Without

loss of generality, let p = 1.

• For all other rowsMi which haveMZ
i,m = 1, we perform the row operation

Mi→M1 ⊕Mi

• Replace the row M1 with M1,m = 1 and 0 at all other entries.

• Remove the mth row and the columns m,n+m.

1.5.3 Example with [[4, 1, 2]] code

The initial cluster state of the [[4, 1, 2]] code is a set of 4 output vertices

forming a cycle,14 and a single input vertex connected to all other vertices.

The initial stabilizer generators of this cluster state are:

⟨X1Z3Z4Z5, X2Z3Z4Z5, X3Z1Z2Z5, X4Z1Z2Z5, X5Z1Z2Z3Z4⟩
The initial stabilizer tableau would then be:

1 0 0 0 0 0 0 1 1 1

0 1 0 0 0 0 0 1 1 1

0 0 1 0 0 1 1 0 0 1

0 0 0 1 0 1 1 0 0 1

0 0 0 0 1 1 1 1 1 0

Let R1 be the pivot. after row operations(R2 → R2⊕R1, R3 → R3⊕R1, R4 →
R4 ⊕R1), the tableau becomes:

1 0 0 0 0 0 0 1 1 1

1 1 0 0 0 0 0 0 0 0

1 0 1 0 0 1 1 1 1 0

1 0 0 1 0 1 1 1 1 0

0 0 0 0 1 1 1 1 1 0
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After replacing R1 and removing R5, C5, and C10, we end up with the final

tableau:

0 0 0 0 0 0 0 0

1 1 0 0 0 0 0 0

1 0 1 0 1 1 1 1

1 0 0 1 1 1 1 1

Thus, the final stabilizer generators of the [[4, 1, 2]] code is:

⟨X1X2, Y1Z2Y3Z4, Y1Z2Z3Y4⟩



2

Methods

2.1 Formalizing the Graph

We have seen how the two seemingly separate concepts of graphs and quantum

error correcting codes are related through cluster states. We shall soon

establish the usefulness and convenience that such graph representation brings

for analyzing a given error correcting code. As a precursor, we may now define

graphs that provide valid error correcting codes.

Consider the graph Γ = (V,E). We partition the vertex set V as V =

I ∪ O ∪ P , where I, O, P correspond to the input, non-pivot output and

pivot vertices respectively. Our aim is to encode some information from the

input vertices I into some state of the output vertices O ∪ P .

Fact 1. For a graph Γ = (I ∪ O ∪ P , E) to represent a valid quantum error

correcting code, Γ should satisfy the following:

• I should be an independent set.

• P and I are perfectly matched.

The first point is trivial from the fact that we need to encode an arbitrary

state on k qubits into the n output qubits. Thus, any operation between

the logical input qubits would be meaningless. The latter can be viewed
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Fig. 2.1: Graph corresponding to some valid QECC

as a consequence of the way in which we have defined the evolution of

stabilizers following the measurement of input qubits. For each input qubit,

we perform graph manipulation with some adjacent output qubit as a pivot.

Note that the row corresponding to the qubit is removed from the final

stabilizer tableau. Thus, two input vertices shall not share pivots. Further,

if a pivot vertex is connected to more than one input vertex, according to

the matrix manipulations, the resulting tableau is dependent on the order

of measurement. Thus, we consider the case where P and I are perfectly

matched.

2.2 Calculating Minimum Distance from

Graphs

We have seen how minimum distance may be calculated from the stabilizer

tableau. However, such calculations are not immediately apparent from

the initial graph state. The essential idea behind minimum distance is

mapping logical operations to some physical operations and checking how

many physical operations are required to shift from one valid codeword to
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another. For this, we use the following framework:6

2.2.1 Quantum Lights Out

Quantum Lights Out (QLO) is a variation of the classical game of ”Lights

Out”.

Let Γ = (V,E) be a graph, where V = I ∪ O ∪ P ,. Each vertex is

associated with a switch and a light. For each vertex v in V , the allowed

operations are:

• Destroying the light at v: If the light is ON at v, permanently destroy

the light such that it cannot be turned ON anymore.

• Flipping the switch at v: Permanently destroy the light at v and

toggle the lights at all neighbouring vertices N(v).

Fig. 2.2: An illustration of operations permitted in QLO

For our convenience and to emphasize the significance of the operations

in QLO, from here on, we call the former as Z operation and the latter as X

operation. The intuition behind the two types of operations in QLO is the

behaviour of physical X and Z operations being performed on the output

qubits. The presence of light at a vertex implies the existence of some implicit

Z operation. Using the above operations, we may describe QLO now:
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Given a graph Γ = (I ∪ O ∪ P , E), we define the QLO game on Γ as

follows:

• Round I: Select some subset SI ⊆ I and perform flip operations

on all v ∈ SI .

• Round II: In output side, for each vertex v ∈ O ∪ P , either

perform flips or destroy the light at v, or leave v as it is.

The aim of QLO is to reach a final configuration where:

- All lights at v ∈ O ∪ P are either OFF or destroyed.

- Some lights at v ∈ I are ON or we have performed some flips in

round I (SI ̸= ∅).

2.2.2 QLO and Minimum Distance

The QLO game may be used as a way to translate logical operators on the

input qubits into physical operations.

Theorem 1 (Khesin, 2025). Given a graph Γ = (V,E), The minimum

distance of the quantum error correcting code is the minimum number of

moves made in Round II under an optimum strategy in the QLO instance of

Γ.

d = min
A

m(A ,Γ) (2.1)

Here, m(A ,Γ) represents the number of operations made in round 2 of

QLO on the instance Γ, using some strategy A .

The key motivation behind QLO is to formulate the quantum minimum

distance problem in a purely graph theoretic manner. For this, we use the

following:6

Fact 2 (ZX-Graph Rule - Khesin, 2025). For a graph Γ = (I ∪ O ∪ P , E),
for any vertex v, A Pauli X on v is equivalent to applying a Pauli Z on all

u ∈ N(v).
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Any operations performed at the input vertices will correspond to some

logical operators. In Round I, when we perform flips on some subset SI ∈ I,
this is equivalent to some logical Xvi . where vi ∈ SI . As a result of these flip

operations on SI , when we toggle the lights at ∆N(SI), this can be thought of

as some pending physical Z operations that we must later perform to simulate

the logical X that we performed in Round I. Under a QLO strategy for which

the final configuration is valid, the moves made in Round II at the output

side would be some physical operators that are equivalent to some logical

operations. And the number of physical operators is exactly the number of

moves we make in Round II. Thus, we start with some logical X operations

and perform the equivalent physical operations resulting in some input lights

being turned ON. At the final configuration, the requirement that all output

lights must be either turned OFF or destroyed is a consequence of the fact

that, in-order for us to receive a valid codeword, the physical operations that

we perform on the output qubits should exactly mimic some logical operation

so that we end up with a valid codeword. The input lights which get turned

ON during this represents some logical Z operations. Assume that we did

not perform any operations in Round I. Since we need to perform some valid

logical operations, some Z need to be performed at the input side and thus,

at the final configuration, some input lights are ON. The goal of QLO is to

find the minimum number of physical operations required to simulate some

logical operator.

Through this QLO framework, the following simple relation can be derived:6

Theorem 2 (Khesin, 2025). Minimum distance is upper bounded by the

minimum degree of any input or output vertices that are adjacent to some

input vertices.

d ≤ min
v∈I∪N(I)

deg(v) (2.2)

Proof. Consider the following strategy:

In round 1, we flip some input vertex v. This causes some deg(v) many lights

at output vertices to turn ON. In round 2, we individually destroy the lights
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at each vertex. The total number of moves in this strategy would be deg(v).

For the second case, assume that we perform no operations in round 1 and in

round 2, we flip some output vertex u, adjacent to at least one input vertex

and destroy all subsequent lights that get turned ON. Here, the number of

moves would be the number of output neighbours of u + 1. Since u must be

connected to at least 1 input vertex, |No(u)|+ 1 ≤ deg(u).



3

Results and Discussions

3.1 Partitioned Graph Model

Consider the following graph:

Fig. 3.1: Representation of graphs that we consider

Here, we group the vertices of the graph that we consider into three sets,

namely A,B, and I. Here, I represents the set of input vertices and B
represents the set of output vertices that are adjacent to at least one input
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vertex. B includes the pivot vertices as well as some other output vertices.

A contains output vertices that are not adjacent to any of the input vertices.

As we have seen in 1, for such a graph to produce a valid quantum error

correcting code, I has to be an independent set. In the general case, A
and B are not necessarily independent sets. However, for constructing good

codes, we shall see that it is convenient to consider them as independent sets

as this allows us to study the QLO by simply considering the edges between

A - B and B - I. Another consequence is that the code we produce will be

a CSS code.6

3.2 Upper Bounds

Now, we may analyze QLO to find out upper bounds for minimum distance

on arbitrary graphs. Our motivation is not to exactly calculate the upper

bounds, but to find out if there are any graph structures that yield a better

minimum distance or if there are any forbidden substructures that heavily

reduce the distance. It is useful to note that when we apply a collection of

flip operations on a set of vertices S, the lights that get toggled are exactly at

those vertices which are connected to an odd number of vertices in S. This

is because an even number of connections would toggle the light back to the

initial state. From hereafter, we call these vertices where lights are toggled,

as odd neighbours of S.

Lemma 1. Given a graph Γ = (A ∪ B ∪ I, E) as described previously, the

minimum distance, d of the quantum error correcting code derived from Γ is

at most the number of vertices in B with odd number of neighbours in any

subset SI of I.
d ≤ min

SI⊆I
SI ̸=∅

| △
v∈SI

N(v)| (3.1)

Proof. The proof is a simple extension of the first part of Theorem 2. Let

d∗ be the size of the odd neighbour set of some non-empty subset SI ⊆ I.
Then consider the following QLO strategy:
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Round I: X at SI which turns on d∗-many lights at

△N(SI)

0 cost

Round II: Z at all the output lights which are turned

ON

d∗ cost

The total number of moves made were d∗. Thus, from Theorem 1, d ≤ d∗

over all non-empty choices of SI ⊆ I. A simple example is given in Fig.

3.2. Here, the optimal choice for SI would be the {i1, i2, i3, i4} = I, with
d∗ = 1.

Fig. 3.2: An upper bound specifying edges between B and I

Lemma 2. Given a graph Γ = (A ∪ B ∪ I, E) as described previously, the

minimum distance, d of the quantum error correcting code derived from Γ

follows:

d ≤ min
SB⊆B

△NI(SB)̸=∅

(|SB|+ |△NA(SB)|) (3.2)

Proof. Assume that there exists some subset SB with some odd neighbours in

I and with |SB|+ |△NA(SB)| = d∗ < d. Now consider the following strategy:
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Round I: No flips (SI = ∅). 0 cost

Round II: a) Flips at SB. |SB| cost
b) Z operations at all ON output vertices. |△NA(SB)| cost

The final configuration we reach is valid and the total moves made in

Round II is |SB|+ |△NA(SB)| = d∗ < d, which is in violation of Theorem 1.

Thus, for all valid choices of SB, the quantity |SB| + |△NA(SB)| need to be

at least d.

NOTE : When we consider the case where B is not an independent set,

some light on v ∈ SB that gets turned on due to some X(u) operation might

also get destroyed due to some X(v) operation. Thus, the number of lights

turned ON as a result of flips in SB is at most the number of odd output

neighbours of SB (as odd neighbours within SB are destroyed). Thus, Z

operations required in Round II is at most |△NA,B(SB)|.

Fig. 3.3: An upper bound specifying edges between A and B

Lemma 3. Given a graph Γ = (A ∪ B ∪ I, E) as described previously, the

minimum distance, d of the quantum error correcting code derived from Γ

follows:

d ≤ min
SI ̸=Φ
SA⊆A

(|SA|+ |(△N(SA))∆(△N(SI))|) (3.3)

Proof. Assume that there is some non-empty SI ⊆ I and SA ⊆ A such

that |SA| + |(△N(SA))∆(△N(SI))| = d∗ < d. Now, consider the following
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strategy for a QLO instance on Γ.

Round I: Flips at SI which turns ON lights at

△N(SI)

0 cost

Round II: a) Flips at SA which toggles at most

|△N(SI)| vertices
|SA| cost

b) Z operations at all remaining ON

output vertices.

≤ |(△N(SA))∆(△N(SI))|

In Round II, the number of lights toggled by the flip operation is exactly

|△N(SI)| if A is an independent set. If not, just as we have seen in the

previous proof, some of the lights which were supposed to be toggled are

actually destroyed by the flip operation. The number of lights that are ON

after we perform flips on SI and SA is at most the number of odd neighbours

of SI∆SA. Through this strategy, the total number of moves made is ≤ d∗ <

d, which is a contradiction from Theorem 1.

Fig. 3.4: An upper bound showing relation between edges between I-B and
A-B
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3.3 Algebraic Analysis of QLO

The two round game of QLO establishes a more direct relation between

minimum distance and the graph structure of the code. In order to better

analyse this relation, we attempt to reformulate QLO. We shall soon consider

QLO strategies as vectors in a binary field F2 and finally simulate QLO using

modulo 2 operations using these vectors and the adjacency matrix AΓ.

Definition 1. Let f ∈ Fn+k
2 be the flip vector for the set SX of the vertices

where we perform the flip operation such that SX = {vi : i ∈ supp(f)}

Definition 2. Let l ∈ Fn+k
2 represent the configuration of lights at vertices

at an instant, such that non-zero entries correspond to lights that are either

ON or destroyed. i ∈ supp(l) =⇒ vi is either destroyed or is ON.

Lemma 4. For any optimal QLO strategy that minimises moves made in

Round II, we may rearrange the operations so that all X operations are

performed first which turn some lights ON. Then we perform Z operations

which destroy all output lights that were turned ON.

Proof. Note that the relative order of two X operations or two Z operations

may always be interchanged. We only need to check the case where X

operations and Z operations are performed on adjacent vertices and see if

ordering matters there. If we have an odd number of X at neighbours and a

Z somewhere between (Xi . . . Zj . . . Xk), this is equivalent to performing all

X first which turns ON light at vj and then performing the Z operation. In

the even case, the Z operation does not make any difference since the light

is turned OFF from the X operation alone and this is not an optimal QLO.

Thus, for optimal strategies, Z operations may happen after all adjacent X

operations.

From Lemma 4, it is easy to see that any optimal strategy of playing QLO

is equivalent to choosing some f . We may arrange any QLO strategy into

first a series of flip (X) operations which turns ON some lights and destroys
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some vertices, and then a series of Z operations which destroys all remaining

lights that are ON at output vertices.

Proposition 1. Given a graph Γ = (V,E) with adjacency matrix AΓ, any

QLO strategy A on Γ can be simulated using the flip vector f that represents

the vertices where we apply X operation in A , as following:

- Perform X operations on vertices as specified by f . Configuration after

the sequence of flip operations is: l = AΓf

- Apply Z operations on non-destroyed output vertices in l to turn off all

remaining output lights that are ON.

Proof. Assume we perform the flip operation on the vertex vi. The corresponding

state after the operation would consist of all its neighbouring vertices turned

ON. This is obtained by the ith row of the adjacency matrix. Now consider

a sequence of flips on vertices SX = v1, v2, . . . vk. The state that we would

end up will consist of vertices that are connected to exactly odd number of

vertices in SX , since even number of toggles would turn the light back OFF.

This can be represented by the modulo 2 addition of the adjacency lists of

the vertices v1, v2, . . . vk, which is simply AΓf mod 2. Now, since l contains

all intact output vertices where lights are ON, we turn them OFF using Z

operations.

Now, we may attempt to reformulate the minimum distance calculation

using this picture of QLO. We partition the graph into a set of n output

vertices (O) and a set of k input vertices (I) as seen in Fact 1. Without loss

of generality, we consider the adjacency matrix of the graph AΓ as:

AΓ =

[
Ao AI

AT
I 0

]
where Ao corresponds to the subgraph induced by the set of output

vertices and AI corresponds to the the edges between output vertices and

input vertices. The 0k×k part is the result of I being an independent set as
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seen in Fact 1.

In a similar fashion, we may also partition the flip vector and configuration

vector: f =
[
fo fi

]T
and l =

[
lo lI

]T
respectively into output and input

parts. Thus, support of fo represents the indices of the output vertices where

we apply X operation and that of fi represents the indices of input vertices

where X is applied in Round I.

Theorem 3. Given a graph Γ = (V,E) with adjacency matrix AΓ. The

minimum distance d of the quantum error correcting code constructed from

the graph is:

d = min
validf

(wt(lo) + wt(fo)− ⟨lo, fo⟩) (3.4)

where l = AΓf mod 2 and either fi ̸= 0k or lI ≠= 0k, and ⟨lo, fo⟩ is

Euclidean dot product over Z

Proof. We have seen that any QLO strategy can be seen as some sequence

of X operations as represented by some f and subsequent Z operations. The

configuration we reach after X operations would be:

lX = Af mod 2 =

[
Ao AI

AT
I 0

][
fo

fi

]
=

[
Aofo ⊕ AIfi

AT
I fo

]
=

[
lo

lI

]

Thus, we first have performed wt(fo) manyX operations. Now, we proceed

to apply Z operations such that all intact output lights are destroyed. The

quantity wt(lo) tells us how many output lights are ON including those which

should have been destroyed while performing the X operations. From this,

we subtract ⟨lo, fo⟩ which tells us how many lights that are assumed ON

in lo were actually destroyed by the X operations done as per fo. Finally,

the total number of Z operations required is wt(lo)− ⟨lo, fo⟩. Total number

of moves made in round 2 of such a QLO strategy would then be wt(lo) +

wt(fo) − ⟨lo, fo⟩. From Theorem 1, minimum of such a quantity would be

the minimum distance. However, we need to ensure that either we perform

some X operations at the input side in round 1 which is satisfied when
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fi ̸= ∅, or that some input light is ON at the end, which will be the case if

lI = AT
I fo ̸= 0k. An important note here is that while all matrix operations

are performed in F2, the inner product is the standard dot product of Z
acting on binary vectors.

3.3.1 Relations from the Algebraic Framework

For an arbitrary graph Γ, without loss of generality, we have seen the adjacency

matrix AΓ of the form:

AΓ =

[
Ao AI

AT
I 0

]

Here, we also define the matrix A′ =
[
Ao AI

]
. Now, using the vector

framework of QLO, we obtain the following relations:

Lemma 5. Let adjacency matrix AΓ as given above describe a graph Γ. Let

f be the flip vector corresponding to some valid QLO strategy on Γ and d be

the minimum distance of the QECC derived from Γ. Then:

d ≤ wt(fo), ∀fo ∈ E1(Ao) \ ker(AT
I ) (3.5)

Proof. Consider the flip vector f with fi = 0k. This means that in Round I

of QLO, we do not perform any flip operations. Now for f to be valid, flip

operations corresponding to f0 should turn ON some input lights. Hence,

lI = AT
I fo ̸= 0k =⇒ fo /∈ ker(AT

I ).

Now since here, lo = Aofo ⊕ AIfi = Aofo. from Theorem 3, we get:

d ≤ wt(Aofo) + wt(fo)− ⟨Aofo, fo⟩

For fo ∈ E1(Ao);Aofo,= fo:

=⇒ d ≤ wt(fo) + wt(fo)− ⟨fo, fo⟩
=⇒ d ≤ 2wt(fo)− wt(fo)

=⇒ d ≤ wt(fo)

NOTE: All vector arithmetic operations are performed in F2
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Lemma 6. For a QECC derived from a graph Γ with adjacency matrix AΓ

as described above, for all valid flip vectors f corresponding to valid QLO

strategies;

d ≥ min
valid f

(max(wt(A′f), wt(fo))) (3.6)

Proof. We start from Theorem 3:

d = min
validf

(wt(lo) + wt(fo)− ⟨lo, fo⟩)

Now, lo = A′f . The inner product ⟨A′f, fo⟩ tells us, among the output

vertices v with destroyed lights, how many were turned ON after flip operations

at vertices other than v. This calculates how many vertices are common to

fo and A
′f , which is at most the minimum of the norms of these two vectors.

⟨A′f, fo⟩ ≤ min(wt(A′f), wt(fo))

=⇒ wt(A′f)+wt(fo)−⟨A′f, fo⟩ ≥ wt(A′f)+wt(fo)−min(wt(A′f), wt(fo))

=⇒ wt(A′f) + wt(fo)− ⟨A′f, fo⟩ ≥ max(wt(A′f), wt(fo))

Let f ∗ be the optimal QLO.

wt(A′f ∗) + wt(f ∗
o )− ⟨A′f ∗, f ∗

o ⟩ ≥ max(wt(A′f ∗), wt(f ∗
o ) ≥

min
validf

(max(wt(A′f), wt(fo)))

The LHS is d:

d ≥ min
valid f

(max(wt(A′f), wt(fo)))

3.4 Construction of “Good” Codes

From the bounds we derived in Section 3.2, we have seen how some substr-

uctures are forbidden in the graph and how others are necessary. For instance,

Lemma 1 necessitates that the connections from the input vertices to output

sets should be in such a way that, for any subset of input vertices, there

are at least d many odd neighbours in the output vertices. This is akin to

the minimum distance of a classical code. Our approach is to start with a
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convenient construction and iteratively improvise by trying to decrease the

total number of qubits we use.

For the proof of correctness of these codes, we consider the two cases for a

valid QLO strategy given in Theorem 1. Either we have to perform some

flips at u ∈ I at Round I or we need to perform some flips at v ∈ B at

Round II such that some input light is turned ON. Then we show that in

both cases, we arrive at a state where the lights are turned ON in such a way

that the total cost becomes at least d if we try to switch them OFF. We also

use Lemma 4 to confine our analysis to QLO strategies where Z operations

are performed only after all X operations. Thus, it suffices to show that any

sequence of valid X operations with cost xi, leaves at least d−xi many lights

ON.

3.4.1 Code I: A Naive Attempt

We first consider a very simple case which avoids any complicated structures.

As a result, we end up with a [[d2, 1, d]] code which can be concatenated to

obtain [[kd2, k, d]] codes. Given an independent set of k vertices, we construct

the graph in the following manner:

For each input vertex ui, add d vertices vu in the set B and add edges

between these output vertices and ui. Further, connect each vertex in B
with d − 1 many output vertices in A. Here, the total blocklength of the

code would be n = kd2. We say that a vertex v in B is connected to a bag

Av of of d− 1 vertices in A.

Theorem 4. Code I provides a QECC with minimum distance d(Q) ≥ d.

Proof. We show that for any valid QLO strategy, after all X operations

are performed, the total cost satisfies ai + bi ≥ d, where ai is the number

of operations performed on output vertices and bi is the number of output

lights that remain ON.

For a valid QLO strategy, either some flips are performed at input vertices

in Round I, or some input light must be turned ON, which requires flips at
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Fig. 3.5: Code I: A simple [[kd2, k, d]] code

B. We consider these two cases.

Case 1: A flip is performed at some v ∈ B.
Let Av denote the bag of size d− 1 connected to v. Suppose xi flips are

performed within Av. Since each flip in Av destroys one light, the number

of intact lights remaining in Av is at least d − 1 − xi. A flip at v turns ON

all these intact lights.

Thus,

bi ≥ d− 1− xi.

On the other hand, the number of operations includes the flip at v and the

xi flips in Av, so

ai ≥ xi + 1.

Therefore,

ai + bi ≥ (xi + 1) + (d− 1− xi) = d.

Case 2: A flip is performed at some v ∈ I.
Each input vertex is connected to d distinct vertices in B, and these

neighbourhoods are disjoint. Hence, a flip at any input vertex produces at
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least d ON lights in B. Since no flips are performed in B in this case, each

such light must be removed individually using either a Z operation at that

vertex or a flip in the corresponding bag in A, each costing one move.

Thus, at least d operations are required, and hence ai + bi ≥ d.

In both cases, we have ai + bi ≥ d.

An important observation here is that the graph we construct would be

a disconnected graph with k-many components. This is a consequence of the

fact that we have encoded each input qubit independently and the resultant

code is in fact, a concatenated code from k-many [[d2, 1, d]] codes. When

d = 3, the construction generates the simple [[9, 1, 3]] Shor code.15

3.4.2 Code II: A Better Approach

In the previous construction, the neighbours of input vertices were disjoint.

From Lemma 1, the degree of an input vertex must be at least d. If common

neighbours were allowed for input vertices, this would reduce the blocklength

significantly. The first improvement comes from this observation. We also

note that Lemma 1 has some similarity to classical codes that we may use.

We require that for any subset of input vertices, there are at least d-many

vertices in B which are connected to an odd-number of input vertices from the

subset we consider. This is similar to some modulo 2 linear combination of

rows of the adjacency matrix having weight at least d. Assume given k input

vertices, and a classical binary code with parameters [[nc, k, d]] and generator

matrix G in its standard form, we construct the following adjacency matrix:

AB,I =

( B I
B 0k×k GT

I G 0nc×nc

)
.

The number of odd-neighbours of any subset of I would be the weight

of some linear combination of the first k-rows in the above matrix. Since G is

the generator matrix of some [[nc, k, d]] code, this is always ≥ d. To complete

the construction, we may complete the connections between the vertex sets
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Fig. 3.6: Code II: Graph for an [[ncd, k, d]] code

B and A as seen previously. This would require d − 1 many vertices in A
for each vertex in B. The total number of output vertices would then be

ncd. For classical codes, nc = O(d). Hence, for these quantum codes, since

n = ncd, for this particular construction, n = O(d2).

Now we may see what the adjacency matrix of the graph that we construct.

Consider the following matrix which represents the connections between A
and B:

AB,A =


1×(d−1) 0 · · · · · · · · · · · ·
· · · 0 1×(d−1) 0 · · · · · · · · ·
...

...
...

...
...

0 · · · · · · · · · · · · 0 1×(d−1)

A

B


Then the adjacency matrix of the graph that we construct would be:

AΓ =


A B I

A 0 AT
BA 0

B ABA 0 GT

I 0 G 0





3. Results and Discussions 31

Theorem 5. Code II provides a QECC with minimum distance d(Q) ≥ d.

Proof. The proof follows the same idea as in the previous construction. Since

the edges between A and B remain unchanged, any flip at a vertex in B
activates a bag of size d − 1 in A, which increases the total cost. Hence, in

any optimal QLO strategy, flips at B are avoided.

Since a valid QLO strategy requires either flips in Round I or input lights

to be ON, and flips at B are avoided, we must perform flips at input vertices.

Thus, SI ̸= ∅.
By construction, the adjacency between I and B is defined using the

generator matrix of a classical [nc, k, d] code. Hence, any nonempty subset

of input vertices produces at least d vertices in B with an odd number of

neighbours, i.e., at least d lights are turned ON in B.
Since flips at B are not allowed, each such light must be turned OFF

individually, either by applying Z(v) or by performing an X operation at

a vertex in the corresponding bag Av. As the bags are disjoint, each such

operation removes exactly one light and costs one move.

Hence, at least d operations are required to turn off all the lights, and

therefore the minimum distance satisfies d(Q) ≥ d

3.4.3 Code III: Further Improvements

In the previous code, we tried to reduce the vertices required in B. A similar

attempt could be made for reducing the vertices in A. Here, Lemma 3 is

used for gathering insights about what sort of connections between A − B
and B − I bring down the minimum distance.

Consider a classical [nc, k + r, d0] code C0 with generator matrix G0 in the

standard form. We partition the rows of G0 into matrices G1 and G2 of

dimension k × n and r× n respectively such that G0 =

[
G1

G2

]
. Here, G1 and

G2 are generators for the subcodes C1 and C2 of C0. At A, let there be r

many bags of d0− 1 vertices each such that if a vertex v in B is connected to

bag Au, then all the d0 − 1 vertices in bag Au is connected to v. Thus, for
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Fig. 3.7: Code III: Graph for a [[O(kd), k, d]] code

ease of description, it suffices to talk about the connections between vertices

in B and bags in A, which we represent as some fused vertex. Now, the

following adjacency matrix where instead of vertices in A, we consider these

fused vertices which represents bags:

AΓ =


A B I

A 0 G1 0

B GT
2 0 GT

1

I 0 G1 0


Theorem 6. The minimum distance of QECC from Code III using a classical

code C0 of minimum distance d and subcodes C1 and C2 is:

d(Q) ≥ min(d(C0), d(C⊥
2 ))

Proof. By Lemma 4, any optimal QLO strategy may be reordered so that

all X operations are performed first, followed by all Z operations. We prove

the result by considering two cases.

Case 1: At least one flip is performed on a vertex in A ∪ I.
Let m1 ∈ Fk

2 encode the choice of flipped input vertices in I, and let

m2 ∈ Fr
2 encode the choice of bags in A from which an odd number of flips is

performed. Since only the parity of flips in each bag matters, each bag may

be treated as a single vertex.
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After the X operations, the set of lights turned on in B is represented by

c = c1 ⊕ c2,

where

c1 =
[
mT

1 01×r

]
G0, c2 =

[
01×k mT

2

]
G0.

Since G0 generates C0, the vector c is a codeword of C0. Moreover, for a valid

strategy in this case, c ̸= 0. Therefore,

wt(c) ≥ d(C0).

Because B is an independent set, each ON vertex in B must be turned off

individually by Z or X operations which costs at least one move per vertex.

Hence the total cost in Round II is at least d(C0).
Case 2: No flips are performed on A ∪ I.

Since the strategy must be valid, some input light must be turned on

in Round I. Thus we must flip a nonempty set SB ⊆ B. If SB has an odd

neighbourhood in A, then the corresponding bags in A become ON, and

each such bag contributes at least d − 1 additional moves to turn off all of

its lights. Therefore, to obtain a strategy of minimum cost, we must choose

SB so that it has no odd neighbours in A.

This is equivalent to finding the minimum number of linarly dependent

columns of G2, and the which is exactly d(C⊥
2 ). Hence any valid strategy of

this type costs at least d(C⊥
2 ).

Combining the two cases, for every valid QLO strategy:

d(Q) ≥ min
(
d(C0), d(C⊥

2 )
)

Here, if the original classical code C0 has parameters [2r, k+r, d0] and C2 is
a self-dual code with parameters [2r, r, d2], where r > k, then d(C⊥

2 ) ≥ d(C0).
The resultant quantum code shall have parameters [[r(d+ 1), k, d0]].
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Conclusion

The primary objective of this work was to establish relations between valid

graph states and minimum distance of theQECC they produce. We considered

a simplified graph instance in Section 3.1; Γ = (A ∪ B ∪ I, E), where A,B,
and I are independent sets. Through our analysis of QLO in Section 3.2,

the following upper bounds were derived:

Lemma 1: d ≤ min
SI⊆I
SI ̸=∅

| △
v∈SI

N(v)|

Lemma 2: d ≤ min
SB⊆B

△NI(SB)̸=∅

(|SB|+ |△NA(SB)|)

Lemma 3: d ≤ min
SI ̸=Φ
SA⊆A

(|SA|+ |(△N(SA))∆(△N(SI))|)

We also proposed an algebraic framework for QLO using the adjacency

matrix AΓ and by representing the choice of vertices where X operation is

performed using a vector f ∈ Fn+k
2 . The vector AΓf mod 2 = l ∈ Fn+k

2

represents the configuration after flips are performed. A valid QLO strategy

requires that either fi ̸= 0k or lI = AT
I fo mod 2 ̸= 0k. Here, minimum

distance is calculated as follows:

Theorem 3: d = min
validf

(wt(lo) + wt(fo)− ⟨lo, fo⟩)
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The vector based framework allowed us to arrive at additional relations,

including a lowerbound:

Lemma 5: d ≤ wt(fo), ∀fo ∈ E1(Ao) \ ker(AT
I )

Lemma 6: d ≥ min
valid f

(max(wt(A′f), wt(fo)))

The key idea here is not to calculate the bounds for an arbitrary graph state,

but to identify substructures within graphs which restrict the corresponding

QECC from attaining a high minimum distance. We then attempt to construct

graphs which avoid such substructures and finally prove the minimum distance

of the associated QECC using the QLO framework. The methodology here is

to build upon the graph we defined in Section 3.1 and improve the parameters

of QECC by iteratively reducing the number of output vertices. We provide

three graph constructions which provide valid CSS codes:

Code I Section 3.4.1 Parameters [[kd2, k, d]] n = O(kd2)

Code II Section 3.4.2 Parameters [[ncd, k, d]] n = O(d2)

Code III Section 3.4.3 Parameters [[r(d+ 1), k, d]] n = O(rd)

These codes are potentially comparable to widely used families of codes such

as hypergraph product codes (n = Θ(d2)). On comparison with existing

works on graph-centric constructions, these codes are similar to the recent

n = O(2d) code18 and n = O(d5) code.6 However, decoding strategies for

these codes need to be investigated further.

4.1 Future Directions

In addition to parameters like n, k, d, the robustness of a quantum error

correcting code is also determined by the efficiency of the decoding algorithm.

For classical codes, such improvements were shown when codes were constructed

using expander graphs.16 It would be of interest to see if there are decoding

strategies which are better suited for these families of codes, that are able to

recover a large portion of the errors.
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It may be possible to construct better codes, using the lower bounds we

derived in Section 3.3. Also, there may exist relations between the spectral

properties of graphs and the parameters of QECC.17 Since we have seen that

minimum distance can be influenced by very local substructures rather than

the global structure of the graph, these spectral properties may be difficult

to discover.
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